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Abstract 
Lichtman, A.I., The soluble subgroups and the Tits alternative in linear groups over rings of 
fractions of polycylic group rings, I, Journal of Pure and Applied Algebra 86 (1993) 231-287. 
Let KH be a group ring of a polycyclic-by-finite group and let R be its Goldie ring of fractions. 
In this first paper in a series of two we study the soluble subgroups of the linear group GL,(R) 
and show in particular that there exists a bound for their solubility class; we will show in the 
second paper that the subgroups of GL,(R) satisfy the Tits alternative. 
1. Introduction 
1.1. 
Let H be a polycyclic-by-finite group, K be an arbitrary commutative field. 
(The term ‘field’ in this paper is used in the ‘skew field’ sense; the term ‘ring’ 
means ‘associative ring’ with unit.) It is known that the group ring KH is a Goldie 
ring; let R be its Goldie ring of fractions. In this first paper in a series of two we 
study the PI-subrings of the matrix ring R,,, and the subgroups of the general 
linear group GL,(R). In particular, we prove that if char K = 0 or char K > C(h), 
a constant depending on the Hirsch number h of H, then there is a bound for the 
PI-degrees of the PI-subrings of R,,, and that the Zassenhaus Theorem remains 
true for the subgroups of GL,(R): there is a bound for the length of the derived 
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series of soluble subgroups of GL,(R); we also give a description of soluble 
subgroups. 
In the second paper we will prove that if char K = 0 or char K > C(h) then the 
subgroups of GL,(R) satisfy Tits’ alternative: every finitely generated subgroup 
G c GL,(R) either contains a non-cyclic free subgroup or is soluble-by-finite; 
when char K = 0 the restriction on the finite number of generators is unnecessary. 
We prove in the second paper that the analogs of our results hold for linear 
groups over fields of fractions of group rings of free soluble groups (without 
restriction on char K) and for linear groups over rings of fractions of prime 
homomorphic images of polycyclic group rings. We will consider also applications 
of these results to the study of automorphism groups of free soluble groups. 
We show that the restriction on char K is unnecessary if we assume the truth of 
the generalized Riemann conjecture. 
1.2. 
To give a more precise and detailed description of our results we first recall 
briefly a few concepts and results on polycyclic groups; we refer the reader for 
details to Roseblade’s article [32] or Passman’s book [28]. If A is a non-unit 
torsion free abelian normal subgroup of an arbitrary group H, then the conjuga- 
tion in H defines in A a structure of a ZH-module; the rational vector space 
Q @ A becomes a module over QH. Roseblade called A a plinth in H if H and all 
its subgroups of finite index act rationally irreducible on A. Every polycyclic-by- 
finite group H contains a plinth for some subgroup of finite index (see [28, 
12.7.41). It is also well known that H contains a torsion free subgroup H,, of finite 
index such that the Fitting radical p(H,,) is a nilpotent group and the quotient 
group H,Ip(H,,) is free abelian. One can show easily (see Lemma 3.1 and its 
corollary) that Ho can be chosen in such a way that it contains a series of nilpotent 
normal subgroups 
H,>A,>A,_>...>A,_,>A.=l, (1.1) 
where AiIA,+I is a plinth in HOIAi+I, A, L C(A,IA,+,) and the quotient groups 
WC(AiIAi+,) and H,IA, are free abelian (and hence all the groups H,,IAi are 
torsion free). (Here C(A,IA,+,) is the centralizer of the factor AiIAi+,, i.e. 
C(A,IA,+i) = {h E Ho I [h, al E Ai+l for all a E Ai}.) The group H,, is called 
polyplinthic (cf. [34, p. 1421); it is worth remarking that this definition of 
polyplinthic group is different from [34]; we will prove (see Lemma 3.2) that 
every subgroup of finite index in a polyplinthic group is also polyplinthic. 
Our main results will be formulated for the case when the group H is 
polyplinthic itself. The following observation shows that these results remain true 
for the case when H is an arbitrary polycyclic-by-finite group. Let H, be a 
polyplinthic subgroup of finite index in H, (H : H,,) = m and D, be the field of 
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fractions of KI-I,. It is known that the ring of fractions R of KH is isomorphic to 
D, OKNI, KH. Thus, dim,(R : D,) = m which implies that R is isomorphically 
imbedded into the matrix ring (L)o),~~xm (see [28, Lemma 5.1.101) and the truth of 
our Theorems I-IV for the ring R,,, follows from the imbedding R,,, into 
(Clnrnxmn* 
1.3. 
We formulate now the main results of the paper. Let A be a finitely generated 
free abelian group, cli be a finitely generated free abelian group of automorphisms 
of A. Assume that Q, acts faithfully on A and that A is rationally irreducible for 
every subgroup ip, ‘“c @ of finite index. 
Theorem I. Let K be a ~nitely generated commutative field, KA be the group ring 
of the group A, n = rank A. 
(i) If char K = 0 then there exists an ~n~nite sequence of prime nu~n~ers qi and 
a system of @-invariant maximal ideals Bi C KA (i = 1,2, . . .) such that every 
quotient ring (KA) /I?, is ~sornor~~~c to a ~y~L~tornic field K[zi], ~2 = 1, 
A&=0. 
i=1 
(1.2) 
Furthermore, for every givers qi = q, (q - I) 12 = p, p2 * * - p,, where p, > q’!2n 
(Ly”1,2,..., s, s < 2n) and for every given i the image of the group A under the 
natural homomorphism KA + (KA) i B, coincides with the cyclic group ( E, ) . 
(ii) Zf char K ’ ji ‘t IS m e and greater than C(n), a constant depending on n, then 
there exists a sl~~group @I C @ with index (@ : @,) 5 2 and a system of maximal 
djl-invariant ideals B, c KA (i = 1,2, . . .> which satisfy a/E the conchsions of 
statement (i). 
(iii) Assuming the generalized Riemann hypothesis, statement (i) is true for 
finitely generated commutative fields of arbitrary characteristic. 
The proof of this theorem, and through it of all our other results, makes an 
essential use of the recent work by R. Murty [27], which is a further development 
of his results on Artin’s problem (see 124-263). I would like to express my 
gratitude to Professor Murty for his interest in the number-theoretical problems 
which arose in this work and for valuable discussions. 
Roseblade proved (see 132, 4.2, 4.31) that if K is an absolute field, then there 
exists a system of maximal x-invariant ideals B, C KA (i E I) such that (1.2) holds 
(x is an element of @ such that Q[@] = Q[x]); the analog of Roseblade’s results 
in the case when K is an algebraic number field was obtained by Harper in [6]. 
The main content of Theorem I is in the fact that the ideals B, are @-invariant 
and that the images of A in the quotient ring (KA)lBj are cyclic groups of prime 
orders qi (i E I). This fact plays a crucial role in our further arguments. 
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The proof of Theorem I depends on the solution of Artin’s problem which is 
obtained for almost all the prime numbers (see [24-271). We list in Section 2.4 a 
few number-theoretical problems whose solutions would make it possible to 
remove the restriction char K > C(h) in Theorem I. On the other hand, if we do 
not require that the ideals Bi (i E Z) will be @-invariant the following result is 
proved. 
Theorem II. Let K be a finitely generated commutative field of finite characteristic. 
Then there exists an infinite sequence of prime numbers q, (i E I) and of x-invariant 
maximal ideals B, c KA (i E Z) such that every quotient ring (KA) IB, is iso- 
morphic to a cyclotomic field K( ei), qi = 1, and every ideal B, has a finite Q-orbit; 
the number of ideals in this orbit is a divisor of qi - 1. Furthermore, for every 
non-zero element y E KA an ideal Bi can be found such that y@BF = h-‘B,h 
(h E @). 
We consider in Section 3 a group ring KH of a polyplinthic group H over a 
finitely generated field K; let A be a plinth in H, B c KA be an arbitrary ideal 
obtained in Theorem I and h be the Hirsch number of H. We study the quotient 
ring K[Z?] 2: KHIB(KH) in Theorem III, which essentially states that fi contains 
a polyplinthic subgroup U with Hirsch number h(U) < h and index (Z? : U) = q”‘, 
m 5 $(h), where 4(h) IS an integer valued function; K[Z?] is a free module of 
dimension qml (m, 5 m) over a subring isomorphic to the skew group ring 
K[e] * U, .e4 = 1. 
Theorem IV. Let H be a polyplinthic group, K be a commutative field with 
char K = 0 or char K > C(h), D be the field of fractions of KH, A be a field of 
dimension m2 over its center such that A kxk is isomorphic to a matrix subring of 
D llxll. Then (mk) 1 (4hn). 
The main step in the proof of Theorem IV is Theorem 3.12, which is obtained 
from Theorems I and III. 
Theorem 3.12. Let x, ( j = 1,2, . . . , s) be given non-zero elements of KH and t 
be a given natural number. Then there exists an ideal C C KH such that (KH) JC 
= K[Z?] is isomorphic to a semiprime subalgebra of a matrix algebra (K,),X,, 
where 
m=2”(-u,a,**. a,qy’q;* * * * 4; 
((Y, I( qi - 1) and qi > t, i = 1,2, . . . , 1) , 
the group I? is finite and 1 does not exceed the number r, the length of the plinth 
series (l.l), p 5 r and mj 5 cp(h) (i = 1,2, . . . , l), where cp(h) is an integer valued 
function of the Hirsch number h, and K, = K(E) is a cyclotomic extension of degree 
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q1q2. . . q, over K. Furthermore, the images iI of the elements x, ( j = 1,2, . . . , s) 
are invertible in the ring (KH) IC and the homomorphism KH+ (KH) IC is 
extended to a specialization 7~ : D -+ K[H]. 
Section 4 of the paper contains technical results. In Section 5 we study 
FC-subgroups and soluble-by-finite subgroups of GL,(D), where D belongs to a 
class of fields which satisfies some conditions (I) and (II). In particular, D can be 
the field of fractions of KH, where H is a polycyclic-by-finite group and K is a 
commutative field with char K = 0 or char K > C(h), or D can be the field of 
fractions of the universal enveloping algebra U(L) of finite-dimensional Lie 
algebra over K, char K = 0. We obtain first the following theorem. 
Theorem 5.11. Let G be a soluble-by-finite subgroup of GL,(D) such that K[G] is 
semiprime. Assume also that every FC-normal subgroup W 4 G is center-by-finite. 
Then there exists a normal subgroup F a G of finite index (G : F) 5 f(n) = (n!)‘““’ 
and semiprime ideals A,, A,, . . .,A,(k~n)suchthatn~~,A,=Oandforevery 
given i the quotient ring K[F] IA, = K[Fi] is a suitable cross product 
K[Fil 2 K[V,I * (&IV, > > where V, is a center-by-jinite normal subgroup of F, ; 
furthermore, K[Fi] is isomorphic to a subalgebra of D,,,.“,, where c F=, n, 5 m. 
We apply the results of Section 5 to prove in Section 6 that if G is a 
soluble-by-finite subgroup of GL,(D) such that K[G] is semiprime, then G is 
abelian-by-polycyclic-by-finite (Theorem 6.2); here D is once again either the field 
of fractions of KH or of U(L). To obtain more information on the soluble-by- 
finite subgroups of GL,(D) we study the Krull dimension of the tensor products 
of the firm RoP @I R. Stafford proved in [37] that if D is the field of fractions of a 
polycyclic group ring, then the Krull dimension of Do’ @ D coincides with the 
Hirsch number h. We apply some ideas from his paper and the generalized 
r-sequences of Resco (see [31]) to prove the following result. 
Theorem 6.8. Let S be a Goldie ring, G be a polycyclic-finite group with Hirsch 
number h, S * G be a semiprime cross product, R be the ring of fractions of S * G. 
Then Kdim(RoP @ R) P h. 
Let D be the field of fractions of KH, where H is a polyplinthic group, 
h(H) = h, and char K = 0 or char K > C(h), or the field of fractions of U(L), 
dim(L : K) = h, char K = 0. Our main results on soluble-by-finite subgroups of 
GL,(D) are Theorems V and VI and their corollaries. 
Theorem V. Let G be a soluble-by-finite subgroup of GL,(D) such that K[ G] is 
semiprime. Then: 
(1) There exists a normal subgroup F 4 G of finite index, bounded by an integer 
valued function f(n) = (n!)‘““” and semiprime ideals A 1, A,, . . . , A, (kin) of 
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K[F] such that n := 1 Ai = 1 and every quotient ring K[F] /A, 2: K[Fi] is iso- 
morphic to a suitable cross product K[Fi] = K[V] * (F,/V), where V, is a center-by- 
finite normal subgroup of F,, the quotient group FiIVj is polycyclic-by-finite with 
Hirsch number h(F,IV.) 5 ; furthermore, K[F,] is isomorphic to a subalgebra of 
D n xn, where C,“=, ni 5 m. 
(2)’ Every subgroup F, has a series of normal subgroups F, > N, > Wi > V,, 
where N, has a finite index bounded by an integer-valued function t+!t(h), the 
quotient group N,IW, is polyinfinite cyclic and the group W, is abelian-by-finite. 
Corollary. Assume that the conditions of Theorem V are satisfied. Then F contains 
a series of normal subgroups F > N > W, where (F : N) 5 (4(h))“, the quotient 
group NIW is polyinfinite cyclic, h(NIW) < nh, and its solubility class does not 
exceed h; the group W is abelian-by-finite. 
Theorem VI. Assume that G is a soluble-by-finite subgroup of GL,(D) such that 
K[ G] is semiprime. Then there exists a series of subgroups G D F D ND W D V 
such that (G : F) 5 f(n) = (n!)(“!)“, (F : N) 5 (4(h))“, the quotient group N/W is 
soluble of class less than or equal to h, the group W is abelian-by-finite and has a 
faithful representation of degree less than or equal to 4hn over a commutative field 
0 2 K, K[W] satisfies a polynomial identity of degree 4hn, (W : V) is a divisor of 
[(4hn!)]“+‘, V is a center-by-finite group, the commutator subgroup V’ is locally 
finite and there exists c E GL,(D) such that cm’V’c c GL,(K). 
Corollary 6.11. Let D be as in Theorem VI, G be a soluble subgroup of GL,(D). 
Then the solubility class of G does not exceed the number f(n) + ($(h))” + h + 
(2 2n+’ + 1)n + 1. 
We point out that although we formulate some of our results for prime or 
semiprime subrings of D, x n or subgroups G c GL,(D) with linear envelope K[ G] 
semiprime, the versions of these results in the general case are obtained easily 
from the known fact that if R is a subring of D,,, with a nilpotent radical rad R 
and D is an arbitrary field then the quotient ring Rlrad R is isomorphically 
imbedded in D,,, (see [34, 1.3.111 or Proposition 4.1). Thus if G is a soluble-by- 
finite subgroup of GL,,(D), where D is the field of fractions of a polycyclic group 
ring KH, then G contains the unipotent radical u(G) = G fl (rad K[G]), the 
quotient group G/u(G) is isomorphic to a subgroup of GL,(D) and its structure 
is given in Theorems V and VI and their corollaries. One can make a similar 
observation on Theorem IV and using known facts of the theory of Noetherian 
rings (see Propositions 4.1 and 4.2) to obtain the following corollary to the 
theorem. 
Corollary to Theorem IV. The PI-degrees of PI-subrings of D,,, are bounded by 
an integer valued function of n and h. 0 
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We will apply these results in the second paper to prove that Tits’ alternative 
holds for subgroups of GL,(D). We will apply for this an induction argument, 
which makes use of Tits’ Theorem in [38], Theorems I-VI and ultraproduct 
machinery and will obtain the following result. 
(i) Let char K = 0. Th en an arbitrary subgroup of GL,(D) either contains a 
non-cyclic free subgroup or is soluble-by-finite. 
(ii) Let char K = p > C(h) and G be a finitely generated subgroup. Then either 
G contains a non-cyclic free subgroup or it is soluble-by-finite. 
The author proved in [16] that the Tits alternative holds for the subgroups of 
GL,(D) for two other classes of fields: for fields of fractions of universal 
enveloping algebras of finite-dimensional Lie algebras and for universal fields of 
fractions of free group rings. One can, however, apply the methods of [13] and 
[14] or of Kropholler, Linnel and Moody [ll] to construct fields D such that the 
subgroups of GL,(D) do not satisfy Tits’ alternative. 
We discuss in Section 9 some applications and generalizations of our results. 
The author would like to thank A. Weiss for interesting conversations. 
2. Prime ideals in polycyclic group rings 
2.1. 
We will need in the proof of Theorem 2.7 the following result of Siegel (see [36, 
pp. 204-2051 or [35, Theorem 7.21). 
Proposition 2.1. Let f [ t] be an integral polynomial which is not a power of a linear 
polynomial, Ai (i = 1,2, . . .) be an increasing sequence of natural numbers. Then 
the set of prime numbers, which occur in the factorizations of the numbers f [ hi] 
(i=1,2,.. .) is infinite. 0 
The proof of Theorem I will make an essential use of the following theorem of 
R. Murty. 
Proposition 2.2. Let f[ t] E Z[ t] b e an irreducible polynomial of degree n. Then 
there exists a constant C(n), depending on n, such that for every prime p > C(n), 
there are infinitely many primes qj ( j E J) such that p is a primitive root modulo qj 
and f [ t] splits completely (mod qj) or p has order ( qj - 1) I2 and f [t] splits 
completely (mod qj). Furthermore, for every given qj = q, 
9-l 
- =PIP2”‘P, 3 2 
wherepa>q1’2”(o=1,2 ,..., s,s<2n). 0 
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It is unknown whether the conclusion of Proposition 2.2 remains true for an 
arbitrary prime p, without the restriction p > C(n). However, Murty showed in 
[27] that this is true if one assumes the generalized Riemann hypothesis. We 
formulate his result in the following proposition. 
Proposition 2.3. Let f [t] E Z[t] be an irreducible polynomial. Assuming the 
generalized Riemann hypothesis the conclusion of Proposition 2.2 is true for an 
arbitrary prime number p. 0 
Lemma 2.4. Let F = Q(t,, t,, . . . , tk) be a field finitely generated over the ration- 
als. Then there exists a number n such that for every prime number q > n the 
cyclotomic polynomial d~,[t] is irreducible over F. 
Proof. Let Q[t,, tZ, . . . , tk] be the Q-subalgebra, generated by the elements 
t,, t,, . . , t,. We can find a maximal ideal U c Q[ t, , t2, . . . , tk] such that its 
powers define a p-adic valuation p in Q[t,, t,, . . , tk] and extend this valuation to 
the field F. Let F be the completion of F, T be the ring of integers in F, and J(T) 
be the maximal ideal of F; the quotient field Q, = T/J(T) is an algebraic number 
field. We will show that there exists a number n such that for every prime number 
q > n the cyclotomic polynomial +,[x] is irreducible over Q,; this will imply, of 
course, that $,[x] is irreducible over T and hence over F and over F. 
Let n be the discriminant of Q, Now if q is an arbitrary prime number greater 
than n, then the q-adic valuation of Q is extended to Q, and is unramified. Thus if 
S is the valuation ring of Q, , then its unique maximal ideal is (q). We apply now 
Eisenstein’s criterion to obtain that the polynomial +,[x + 11, and hence +,[x], is 
irreducible over S. Hence, it is irreducible over (2, and the proof is complete. 0 
Lemma 2.5. Let K = Z,(x, , x2, . . . , xs) be a field, finitely generated over its prime 
subfield Z,. Then there exists an isomorphic imbedding of K into a field of Laurent 
power series II((t, , t,, , . . , tk)) over a finite field IT. 
Proof. Since Z, is perfect, the field K has a separating transcendency basis, i.e., 
K is a finite separable extension of a purely transcendental extension 
ZJt,, t,, . . . > tk) (see [3, p. 1931). Hence, K = Z,(t,, tZ, . . . , t,, 13), where 8 is 
separable over Z, (tl , t,, . . . , tk). Let f [X] be the minimal polynomial of 0. We 
can find a finite field II and elements (Y, , I+, . . . , CY~ in I7 such that the polynomial 
f [X] is a product of linear factors modulo the ideal (t, - (Y, t, - az, . . , 
t, - a) c n[t,, t?l, . . . > tk]. This implies that f [X] is a product of different 
linear factors over the ring of power series II((t, - a,, t, - CQ, . . , t, - CQ)) = 
Il((t,, t,, . . , tk)), i.e. the field of Laurent series Il((t,, t2, . . . , tk)) contains the 
splitting field of the polynomial f[X] and hence If((t,, t,, . . . , tk)) contains the 
field Z,,(t,, t,, t,, 19). 0 
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2.2. 
Now we give a brief account of some facts and concepts which will be needed in 
Theorems I and II. We refer the reader for details to Roseblade’s article [32] or to 
Section 12.3 of Passman’s book [28]. 
Let A be a finitely generated free abelian group, @ be a finitely generated free 
abelian group of automorphisms of A. Thus, A can be considered as a module 
over the integral group ring Z@ of the group @. We will assume that @ acts 
faithfully on A and that A is rationally irreducible for every subgroup @, c @ of 
finite index, i.e. the module Q @ A is irreducible as a Q@,-module; this important 
case was studied by Bergman in [l] and by Roseblade in [32]. 
Let Q[ @] denote the linear envelope of the group @ of linear transformations 
of the vector space Q @ A. Since Q 8 A is irreducible over Q[ @] its annihilator is 
a maximal ideal U c Q@ and Hilbert’s Nullstellensatz implies that Q[@] is an 
algebraic number field. It was proven by Passman (see [28, Lemma 12.3.11) that 
there exists an element x E @ such that for every natural n the automorphism xn 
acts irreducibly on the module Q @A. Passman’s proof, in fact, implies also the 
following fact. 
Lemma 2.6. There exists an element x E @ such that Q[ @] = Q[x”] for every 
natural n. 
Proof. See [28, the proof of Lemma 3.11. 0 
Corollary. The subring Z[x] has a finite index in Z[@]. 0 
Theorem I. Let K be a finitely generated commutative field, KA be the group ring 
of the group A, n = rank A. 
(i) If char K = 0 then there exists an infinite sequence of prime numbers q, and 
a system of @-invariant maximal ideals Bi G KA (i = 1,2, . . .) such that every 
quotient ring (KA) IB, is isomorphic to a cyclotomicfield K[ej], epl = 1, fly=, B, = 
0, the numbers q, (i E I) satisfy all the conclusions of Proposition 2.2 and the 
image of the group A under the natural homomorphism KA -+ (KA) B, coincides 
with the cyclic group (F,). 
(ii) If char K > C(n) then there exists a subgroup @, c @ with index (@ : Ql) 5 
2 and a system of maximal @,-invariant ideals Bj c KA (i = 1,2, . . .) which satisfy 
all the conclusions of statement (i). 
(iii) Assuming the generalized Riemann hypothesis, statement (i) is true for 
finitely generated commutative fields of arbitrary characteristic. 
Proof. Consider A as a Z@ module. Let 4[t] be the minimal polynomial of the 
element x (over Z). Let 
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4[t] = t” + A$-’ + /i,tn-?- + . . . + /i,_,t + A, (2.1) 
The polynomial +[t] is irreducible because A is x-irreducible. Since @ is a group 
of unimodular transformations of A, A,, = k 1. 
We divide the proof in four steps. 
Step 1. Proof of statement (i). By Proposition 2.1 there exists an infinite 
sequence of prime numbers qi (j E 1) and of integers j E J such that 
44i)-O(mod s,> (jEJ). P-2) 
We can assume that the numbers qj ( j E J) do not divide the discriminant of 4[t] 
and the index (Z[@] : Z[x]); L emma 2.4 implies that we can assume that for 
every j E J the cyclotomic polynomial qb,,[t] is irreducible over K. 
Now pick an arbitrary q, = q and consider the vector space A = A/( q)A (over 
the field Z,); A becomes a Z,@-module in an obvious way. The relation (2.2) 
implies that j is an eigenvalue of the linear operator x of the vector space A. Let 
u E A be a corresponding eigenvector, i.e. 
x-u=ju. (2.3) 
Since A,, = * 1 we conclude easily from (2.2) that [n,, q] = 1. Furthermore, since q 
does not divide the index (Z[@] : Z[x]) we obtain that Z,[x] = Z,[@]. An 
annihilator polynomial for the linear operator x on A is obtained by the reduction 
of the polynomial (2.1) modulo q. Since q does not divide the discriminant of 
+[x] we obtain that 4[x] contains no multiple roots and hence the operator x is 
semisimple and the Z,[x]-module A is completely reducible. It is important that 
every Z,[x]-submodule of A is in fact a Zy [ @I-submodule. If now U is the 
subspace of A generated by the element U, obtained in (2.3), then there exists an 
epimorphism of Z, [ @] -modules, A + U, which together with the epimorphism 
A * A defines an epimorphism of Z[ @]-modules 8 : A + U. We switch now to 
the multiplicative representations of the groups A and U and obtain immediately 
a @-invariant normal subgroup A, C A such that A /A, = U, where U = (u) is a 
cyclic group of order q and 
X’ u = llnJ . (2.4) 
Clearly, 0 is extended to an operator epimorphism of the group rings KA+ KU; 
we denote this extension also by 0 and observe that ker 8 is an @-invariant ideal 
of KA. 
Since the cyclotomic polynomial +!J~[x] is irreducible over K we obtain easily 
that the group ring KU is a direct sum of two fields, 
KU=w(KU)+V, (2.5) 
Soluble subgroups of CL,,(R) 241 
where w(KU) is the augmentation ideal of KU and V is the ideal generated by the 
idempotent e = (1 + u + U* + . . . + uqp’ )/q; the ideal @(KU) is isomorphic to the 
cyclotomic field K(e). Clearly, these ideals are @-invariant. Let B be the inverse 
image of V in KA with respect to the homomorphism 8. We see that B is 
@-invariant and 
(KA)/B = (KU)IV= w(KU) = K(F) 
which shows that the image of A under the homomorphism (KA)+ KAIB is the 
cyclic group or order q, generated by the element F. We obtain thus a system of 
@-invariant ideals B1 (i E I) such that every quotient ring (KA)lBi is a cyclotomic 
field K(E~) and the image of the group A under the homomorphism KA+ 
(KA)/B, is the cyclic group of prime order qi generated by the element F;. It 
remains to prove that nr=, Bj = 0. 
Let a be an arbitrary element of A. Since the order of a in (KA) /B, is q, and the 
sequence of elements qi (i E I) is infinite, we conclude easily that the order of a 
modulo the intersection fly=,, B, is infinite. This implies that the codimension of 
the @-invariant ideal n IE, Bi is infinite and, by Bergman’s theorem [l], this ideal 
must be zero. This completes the proof of statement (i). 
Step 2. The proof of statement (ii) for the case when K is a finite field of 
characteristic p, p > C(n). Let D be the prime subfield of K and (K : II) = m. 
Apply Proposition 2.2 and obtain an infinite sequence qj ( j E .I) such that every qj 
splits the polynomial +[t] and p is a primitive root modulo q, or has an order 
(q, - 1)/2 modulo q,; we can assume that m is prime to (q, - 1)/2. As in Step 1 
we pick one of these prime numbers q, = q and consider the vector space 
A = A/( qA). Since +[t] is a product of linear factors over Z, we obtain once 
again, as in Step 1, that the linear operator x has an eigenvalue u and that u is in 
fact an eigenvalue for all the operators h E CD. Once again, as in Step 1, consider 
the subgroup U c A generated by the element u and obtain a @-operator 
epimorphism A + U; then extend it to an epimorphism 0 : KA + KU and obtain 
the decomposition (2.5). If now p is a primitive root modulo q then the 
cyclotomic polynomial cCl,[t] is irreducible in Z,[t] (see [21, 3.461) and hence the 
ideal w(Z,U) is isomorphic to the cyclotomic field Z,,[E], cq = 1; if the order ofp 
in the group ZG is (q - 1) 12 then w(Z, U) is a direct sum of two isomorphic fields 
of dimension (q - 1) 12 over Z,,, 
w(Z$J) = T, f T, . (2.6) 
In the first case 
w(KU)= K&u(Z,U)= K@‘[e]. (2.7) 
If (m, q - 1) = 1 then we see that the right side of (2.7) is a field (see 121, 3.471). 
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If (m, q - 1) = 2 then we can find subfields K, c K, K2 c II[&] such that K, = K,, 
(K, : 17) = 2 (i = 1,2) and the dimensions (K : K,) and (n[ E] : K2) are relatively 
prime; this implies easily that in this case K 63 II[e] is a direct sum of two 
isomorphic fields. 
In the second case, when (2.7) holds, 
where K@ T, (c~ = 1,2) 1s a field because m is prime to (q - 1) /2. We see that in 
both the cases w(KU) is either a field S or 
w(KU) = S, + S, , (2.8) 
where S, and S, are isomorphic fields. The ideal w(KU) of KU is @-invariant; 
hence there exists a subgroup @, of index 1 or 2 which stabilizes every ideal S, 
(a = 1,2). We see that, similarly to the decomposition (2.5), we obtain an infinite 
system of group rings KU, ( j E I), 
KU,=y+ w(KU,) (~EJ), (2.9) 
where o(KU,) is either a field S, or 
w(KU,)=S,~+S,~ (jEJ), (2.10) 
where S,,,SZj are fields; the group @ stabilizes every ideal w(KU,) and hence for 
every j E .I it contains a subgroup CD,,, with index (@ : CD,,) 5 2, which stabilizes 
the ideals S,,,S,, in (2.10). Since @ is a finitely generated abelian group it can 
contain only a finite number of subgroups of given index. We can assume 
therefore that either @ stabilizes an infinite number of fields S, (j E 5,) or it 
contains a subgroup @, , with index (@ : Q1) 5 2 which stabilizes an infinite system 
of ideals S,,,SZj (j E J2). In the first case we obtain an infinite system of 
@-invariant maximal ideals V, C KUj ( j E J,), in the second case we have an 
infinite system of maximal @,-invariant ideals (V, + S,j) C KU, ( j E .I*). As in 
Step 1 we take the inverse images of these ideals in KA and obtain an infinite 
system of maximal ideals B, (i E Z) which are stabilized by @ or by @, The 
relation Il It, Bi = 0 follows as in Step 1 via the fact that an @,-invariant ideal of 
finite codimension in KA must be zero. 
Step 3. The proof of statement (ii) in the general case when K = 
Z,(x,, x2,. . , x,), p > C(n). Apply Lemma 2.2 and imbed K into a field of 
Laurent power series F = n((t,, t,, . . . , tk)). Step 1 implies that there exists a 
subgroup @, c CD with index (@ : @, ) 5 2 and a system of maximal @,-invariant 
ideals U, c DA (i E I) such that every quotient ring (I7A) /U, is isomorphic to a 
cyclotomic field n[ F;], , E’I = 1 and the image of the group A under the natural , 
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homomorphisms (ITA)+ (IIA) / U, coincides with the cyclic group ( .sl ) . Clearly, 
Vi = FC9 17, is an @,-invariant ideal in the group ring FA. If +i[~] is the minimal 
polynomial of Ed over I7 then we conclude easily that the polynomial &[x] remains 
irreducible over F. But 
(FA)Iv,= F@(LIA)lU;= F@LT(e,)= F[E,] (2.11) 
and the irreducibility of +,[x] over F implies that F(E,) is a field and hence Vi is a 
maximal ideal in FA. The relation (2.11) implies that the image of the group A 
under the homomorphism FA+ (FA)/V, coincides with the cyclic group (Ed). 
The relation fl It, V, = 0 follows easily. We define now Bj = V, II KA and it is easy 
to verify that the system of ideals Bi (i E Z) satisfies all the conclusions of the 
theorem. 
Step 4. The proof of statement (iii). The proof is obtained by the same 
argument as in Steps 2 and 3, with application of Proposition 2.3 instead of 
Proposition 2.2. 
The proof of Theorem I is completed. 0 
2.3. 
We have already pointed out that we do not know whether Theorem I remains 
to be true (unconditionally) for p < C(n). We prove however for these prime 
numbers a weaker result which will be used later. 
We recall that A is a finitely generated free abelian group, @ is a finitely 
generated free abelian group of automorphisms of A, A is rationally irreducible 
for every subgroup @, c @ of finite index, x is an element of H such that 
Q[H] = Q[x] and +[t] is the minimal polynomial of x. 
Theorem II. Let K be a finitely generated commutative field of finite characteristic. 
Then there exists an infinite sequence of prime numbers q, (i E I) and of x-invariant 
maximal ideals Bj c KA (i E I) such that every quotient ring (KA)lB; is iso- 
morphic to a cyclotomic field K(F,), F, = 1, and every ideal B; has a finite Q-orbit; 
the number of ideals in this orbit is a divisor of qi - 1. Furthermore, for every 
non-zero element y E KA an ideal Bi can be found such that 
y$B;=h-‘B,h (hE@). (2.12) 
Proof. Step 1. Assume first that the field K is finite. Let II be its prime subfield 
and (K : II) = pm. We take the sequence of numbers pm1 ( j = 1,2, . . .) and 
consider the numbers +(p”‘) (j = 1,2, . . .). Once again, as in Theorem I we 
obtain an infinite sequence of prime numbers qj ( j E .I) such that 
4(p”‘)-O(modqj) (j=1,2,...). (2.13) 
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The same argument as in the proof of Theorem I, Step 1, yields that for a given 
q = qj we can find an element u in the Z,-vector space 2 = A/( qA) such that 
x - u = prnlLl . (2.14) 
Once again, we conclude from the relation Z,[x] = Z,[@] that u is in fact an 
eigenvector for every operator h E @; it is worth remarking however that one 
cannot assert that the eigenvalue of an element h # x will necessarily be a power 
of p. (In fact, our further arguments show that if we could find an infinite 
sequence of prime numbers q, (j E J) such that the eigenvalues of a given system 
of generators h,, h,, . . , h, would be powers of p modulo every qj (j E .I), then 
the eigenvalues of an every element h E H would be powers of p and in this case 
the system of ideals Bi (i E 1) would be H-invariant. We formulate the appropri- 
ate number-theoretical conjecture (Conjecture 2.9 in Section 2.4).) As in the 
proof of Theorem I we obtain an @-homomorphism 8 : KA- KU, where it is a 
cyclic group of order q; if @, is the centralizer of I/ in @then the index (@ : Q1) is 
a divisor of q - 1. 
The group ring KU is a direct sum of fields, 
KU = K, + K, + . ’ ’ + K, (2.15) 
Every projection 4, (a = 1,2, . . . , r), defined by the decomposition (2.15), maps 
the generator u of the group U into an element &a such that .sz = 1 and 
K, = K[E,]. We define now the action of x on the field K[e,] by the auto- 
morphism of the Galois group Gal(K[s,] : K), 
_,y.U=gm’ (u E J[%l> ’ (2.16) 
The relations (2.14) and (2.16) imply that the projections 4, (i = 1,2, . . , r) are 
in fact operator homomorphisms and hence every ideal ker $a ((Y = 1,2, . . . , I) is 
invariant with respect to the operator x. Thus, every maximal ideal of KU, 
V, = ker 4, = K, + K, + . . . + Z?, + . . . + K, (a = 1,2, . . . , r) , 
is x-invariant; since @, centralizes U the stabilizer QO of VW in @ contains Q1 and 
the Q-orbit of V, contains (@ : cP,~) distinct ideals; this number divides q - 1. 
We pick now an ideal V, c KU such that (U - l)$?‘V, and let Bn be its inverse 
image in KA with respect to the homomorphism 8. Clearly, B, is x-invariant and 
its stabilizer in 4p is @+,. Furthermore, 
(KA)lBa = (KU)/V, 2: K, 2: K(E,) , 
which shows that the image of A under the homomorphism (KA)+ (KA) lB, is 
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the cyclic group of order 4, generated by the element Ed. We obtain thus a system 
of x-invariant ideals Bi (i E Z) such that every quotient ring (KA)lBi is a 
cyclotomic field K(E,) and the image of the group A under the homomorphism 
(KA)-, (KA) lB, is the cyclic group of prime order qi generated by the homo- 
morphism element Ed. 
In order to obtain the last two statements of the theorem, about the finiteness 
of the orbit of every ideal Bj (i E Z) and about the existence for every y # 0 of an 
ideal B, with property (2.12), it is enough now to repeat the proofs of statements 
18 and 19 in Roseblade’s paper [32] (see also [28, Lemmas 3.5 and 3.61). We 
completed therefore the proof of the theorem in the case when the field K is 
finite. 
Step 2. Let K=Zp(x,,x2,. . . ,x,?). We apply the same argument as in 
Theorem I, Step 3, and extend the system of ideals obtained at Step 1 to a 
system of x-invariant maximal ideals B, c KA (i E I) such that for every i, 
(KA) /Bi = K(s,), &yf = 1. It is immediate that for every i E I the orbit B” is finite 
and it remains only to prove the last statement of the theorem. 
Let y be a given non-zero element of KA, I7 be the finite subfield of K formed 
by all the algebraic elements of K, x,, x,, . . . , x, be, after re-enumeration, a 
maximal algebraically independent subsystem x, , x2, . . . , x, over IJI of the system 
of elements x,, x2, . . , xs; we observe that there exists an element 0 # y’ E KA 
such that 
O#yy’E K,A, (2.17) 
where K, = 2,(x,, x2, . . . , xr) is the field of rational functions in x1, x2, . . . , x,. 
We see from (2.17) that we can assume in our proof that y E K,A. We can now 
find an element O#UE~[X,,X~,. . . , x,] and an element y, in the polynomial 
ring (nA)[x,, x2, . . , x,] such that 
-1 
Y = Y,P (2.18) 
Let Y,, y2,. . . , y, be all the non-zero coefficients of the polynomial y, and 
2 = YlY2 . . . Y, . (2.19) 
By Step 1 we can find a maximal 
hence y, FV” (h E db, a = 1,2,. . 
To complete the proof we apply 
ideal V C I7A such that zp?Vh (h E @) and 
7 n>. 
now once again the argument which was used 
, I. 
in Step 3 of Theorem I and obtain a maximal ideal B c KA such that y, $5 B” 
(h E CD, a = 1,2, , n) and hence y,,@Bh and (2.12) now follows from (2.18). 
This completes the proof. 0 
Theorem II will be applied later together with the following result. 
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Theorem 2.7. Let K be an arbitrary commutative field, H be a polyinfnite cyclic 
group, A be a plinth in H, such that HIA is polyinjinite cyclic and H/C,(A) is 
abelian, B be a maximal ideal in KA with a jinite H-orbit B = B, , B, , . . . , B, , 
C = n :=, B,. Then C(KH) is a prime ideal in KG and hence the quotient ring 
(KH)IC(KH) p 1s a rtme Noetherian ring; its Goldie ring of fractions is isomorphic 
to a matrix ring S, x k, where S is a division ring. Furthermore, there exists a right 
denominator set of regular elements M C KG such that 
((KH)M-‘)/(CM-‘)= Skxk . 
Proof. Let X denote the image of a subset Xc KH under the natural 
homomorphism cp : KH- (KH)/C(KH). Thus (p(KH) = K[H] and (p(KA) = 
(KA) lC = K[A]. W e see also that K[A] is a direct sum of k fields 
K[A]=(KA)IB, +(KA)IBz+..-+(KA)lB,. 
The action of H on the orbit B,, Bz, . . . , B, defines an action of fi on the set of 
fields (KA)IB,, (KA)lB?, . . , (KA)lB,. Let HO be the stabilizer of the ideal B. 
Clearly, H,, > C,(A) > A; since the group H/C,,(A) is abelian, HO is a normal 
subgroup. This implies easily that H,, coincides with the stabilizer of the orbit B, 
(j=1,2,...,k)inH; 1 c early, H,, 2 A, (H : H,,) = k and fi,, is the stabilizer in fi 
of (KA) lBj (j = 1,2, . k). Since g,/A = H,,/A we obtain that K[HJ is a direct 
sum of suitable cross products ((KA) /B,) * H,,IA ( j = 1,2, . . . , k); since HIA is 
polyinfinite cyclic everyone of these cross products is a Noetherian domain with a 
field of fractions, say T, ( j = 1,2, . . . , k). Hence the ring of fractions of K[H,] is 
isomorphic to the direct sum of fields T, + T, + . . . + Tk. Furthermore, K[H] is a 
cross product of K[H,,] with the finite group HI@,, = H/H,,. This implies easily 
that the Goldie ring of fractions of K[H] 1s isomorphic to the ring of fractions of 
K[H] with respect to the subring K[H,,] and that this ring of fractions is 
isomorphic to a suitable cross product R = T* (H/H,,), where T = T, + Tz + 
. . . + T,. We will show now that R is a prime Artinian ring; this will imply of 
course that the ideal C(KH) c KH is prime. 
Let h,=l, h,,. . . , h, be a transversal of H,, in H; it gives a basis of the left 
vector space of R over its subring T. Assume that there exists a non-zero ideal 
U C R; let 0 # x E U be an element which has a shortest representation through 
the basis h,, h,, . , h,. We can assume that 
x = ,$ 44 ( h, E T, i = 1,2, . . , k, , k, 5 k) . (2.20) 
By multiplying of x on the left by a unit element from a suitable subfield T, we 
can assume that all the coefficients Ai (i = 1,2, . . , k,) in (2.20) are non-zero 
elements of T,. If k, = 1, i.e. x = h,e, then U contains also the idempotent e and 
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all the H-conjugates of it, e,, e2, . . , ek. Hence, in this case U contains 1. If 
k, > 1 then 
XA, - A,X = $j huh+, - A,A$, = $ (h,(hih,h;‘) - A,A,)~, . (2.21) 
1=2 i=2 
The element in the right side of (2.21) has a shorter representation than x and 
belongs to U. Hence 
A,A, = A,At’ (i = 2, . . . , k,) . (2.22) 
Since T, is a field we conclude from the relation (2.22) that for every given i, 
A:’ E T, and hence hi E H,, which is impossible. This contradiction shows that 
k, = 1 and we proved that R is prime artinian. 
We prove now that R is a matrix ring of degree k over a division ring. Indeed, 
since R contains k pairwise orthogonal idempotents its degree is greater than or 
equal to k. On the other hand, R is a free module of dimension k over its subring 
T-T,+T,+... + Tk. Hence, R has a faithful representation of degree k over T, 
i.e. R is imbedded isomorphically into the direct sum (T,),,, + (T2)kxk + . . . + 
(T,),Xk which implies that for every nilpotent element r E R we have rk = 0. We 
obtain from this that the degree of R does not exceed k and hence we proved that 
R= Skxk, where S is a division ring. 
Finally, every ideal B,(KH,,) ( j = 1,2, . . . , k) is completely prime and localiz- 
able in KH, by Roseblade’s theorem (see [28, Theorem 11.2.91); hence the set 
M = (KH,,,\n:=i Bj(KH,,) is a right denominator set of regular elements in KH, 
(see, for instance, [15, Proposition 2.11); since M is H-invariant it must be a right 
denominator set of regular elements in KH (see [15, Lemma 2.31). Since the 
elements of the set fi are regular in K[&,] and in K[H], it follows that they form 
a right denominator set in K[H] and that 
((KH)M-‘)/CMm’ = K[H]M+ . (2.23) 
It is easy to verify that K[H]M-’ is isomorphic to R and the assertion 
follows. 0 
2.4. 
The analysis of the relation (2.16) and of the further argument shows that we 
would be able to establish that the ideal B, is @-invariant if the analog of the 
relation (2.14) were true for every h E @, i.e. if the eigenvalue of every h E @ 
would be a power of p; in this case the conclusion of Theorem II would be 
stronger: we would obtain an infinite system of @-invariant maximal ideals 
Bj c KA (i E Z), i.e. the same result as in Theorem I, statement (i). We 
formulate now a number-theoretical conjecture which, if it is true, together with 
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the argument applied in the proof of Theorem II, would imply this stronger 
result. 
Conjecture 2.8. Let T be the ring of integers in an algebraic number field R, p be 
a given prime number, @ be the torsion free factor of the group of units of R. 
Then there exists an infinite set of prime numbers qi (i E I) which split R and the 
image of @ in every field Tl( qi) = Zqz (i E Z) IS a subgroup of the cyclic group 
(P> !Z z;/ 
R. Murty proved (see [27]) that this fact is true if the generalized Riemann 
hypothesis is true. 
We formulate also two other related questions which arose during the work on 
this paper. 
Conjecture 2.9. Let p,, p2, . . . , p, be given prime numbers. Then there exists an 
infinite set of prime numbers qi (i E Z) such that the subgroups (p,, p2, . . . , p,) 
and ( p1 ) coincide modulo every qi. 
Conjecture 2.10. Let a,, a2, . , a, be given natural numbers. There exists an 
infinite set of prime numbers qi (i E I) such that the group (a:, ai, . . . , ai) has 
prime order modulo every q,. 
R. Murty proved (see [27]) that the set of prime numbers q, (i E Z) in 
Conjecture 2.10 has density zero. An analog of Conjecture 2.10 can be formu- 
lated for the algebraic number field and for fields of rational functions. We shall 
discuss these questions and their relations to properties of fields generated by 
polycyclic group rings in our second paper on the subject. 
3. Prime homomorphic images of polycyclic group rings. Proof of Theorem III 
3.1. 
Lemma 3.1. Let H be a polycyclic-by-jinite group, H, be an injinite nilpotent 
normal subgroup. Then there exists a series of subgroups 
H,>A,>A,>...>A,_,>A,=l 
such that 
(i) A, is torsion free and has a finite index in H, . 
(ii) Every subgroup A, is normal in H and A, C C,(A,IA,+,) (i= 
1,2 ,..., r). 
(iii) A ;/A,+, is a plinth in HIA,+,. 
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Proof. Let 2 be the center of H,. We can easily find (see for instance the proof of 
Lemma 12.1.4 in [28]) a plinth A of H which is contained in Z. Since the Hirsch 
number h(HIA) is less than h(H) the proof can be completed easily by the 
induction on the Hirsch number. 0 
Corollary. Let H be a polycyclic-by-finite group. Then it contains a polyplinthic 
normal subgroup H,, of finite index, i.e. H,, is torsion free, and contains a series of 
nilpotent normal subgroups 
where A,IA,+, is a plinth in H,,IA,+, , A, C Cr,(A,lA ;+ I), the quotient groups 
H,,/C(A,IA,+,) and HO/A, are free abelian and hence all the groups HOIAi 
(i-1,2,..., s) are torsion free. 
Proof. Let S be a torsion free normal subgroup of finite index in H such that 
S/p(S) is free abelian. Apply Lemma 3.1 to the group S and its normal subgroup 
H, = p(S). The quotient group S/A, is an extension of the finite group p(S)/A, 
by a free abelian group S/p(S). We can find in S a normal subgroup of finite index 
Hz > A 1 such that the quotient group H,IA L is free abelian. Since for every given 
i we have A, c C(A;lA,+,), the quotient group H,/(C(Aj/A,+,) fl Hz) is finitely 
generated abelian; this implies easily that there exists a subgroup H, > A, 
of finite index in Hz such that for every i = 1,2, . . . , s the quotient group 
H,,/C,,,(A,IAi+,) is free abelian and the assertion follows. 0 
Lemma 3.2. Let H be a polyplinthic group with a plinth series 
HO be a subgroup of finite index in H. Then H, is polyplinthic with a plinth series 
Ho 2 B, > B, 2.. .2 B,-, 2 B, = 1 ) 
where Bi = H,, f’ A i (i = 1,2, . . . , r). 
Proof. We see immediately that for every given i, B,/B, + , is a plinth in HO/B,+, . 
Since A, c C,(A,IA,+,) we obtain that B, C CHO(BiIBill) (i = 1,2,. . . , r); 
furthermore, HJB, is a free abelian group because H/A 1 is. Finally, we will now 
show that C(BiIB,+l) = HO n C(AjlAi+,) (i = 1,2, . , s); this will imply of 
course, that every quotient group H,IC(Bi/Bi+,) is free abelian. 
Let i be given and let x E C(B,lB,+,); let X be the image of x in the quotient 
group l? = Hlqi + 1. The element X centralizes the subgroup B, c I?, the image of 
Bi in I?. But Bi is a subgroup of finite index in the plinth Ai = A,IA,+, ; this 
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implies easily that X centralizes A,, i.e. xE C(A;lA,+,) and the assertion 
follows. 0 
3.2. 
Now let H be a polyplinthic group, A be a plinth in H. We assume that 
p(H) # 1 since in the case p(H) = 1 the group His free abelian, A is infinite cyclic 
and all the results below in this case are well-known facts. Take an arbitrary series 
of type (1.1) in H; since p(H) f 1 we have Y 2 2. We assume throughout this 
section that the field K is finitely generated. Let h(H) = h be the Hirsch number of 
H. 
By Theorem I there exists a subgroup H, > A with index 1 or 2 and an infinite 
sequence of prime numbers q, (i = 1,2, . . .) and a system of maximal HI-invariant 
ideals B, c KA such that n iEl B, = 0 and every quotient ring (KA) lB, is iso- 
morphic to a cyclotomic field K[E,], I .sql = 1. We see also that the quotient ring 
(KA) /( Bi)KH, is isomorphic to an appropriate cross product ((KA) /(B;)) * 
HI/A = K[ei] * H, /A. Since the group H,IA is polyinfinite cyclic we obtain that 
(KA) lB, * H,IA is a domain. Furthermore, every ideal (B,)KH, is localizable in 
KH, by Roseblade’s Theorem (see [28, Theorem 11.2.91). We obtained thus the 
following assertion. 
Proposition 3.3. There exists an infinite sequence of prime numbers q, and maximal 
H,-invariant ideals Bj c KA (i = 1,2, . .) such that every ideal (Bi) KH, is 
completely prime and localizable in KH, , (KA) lB, = K[ E,], epz = 1 and 
n;=, Bi=O. 
We pick now one of these ideals Bi, say B, and will study the ring R = (KH,)/ 
(B(KH,)). Let F be the Fitting subgroup of H,. Clearly, R is generated by the 
group fi,, the image of H, under the homomorphism KH, + (KH) IB(KH,). 
Thus, R 21 K[I?,] where H, has a series of normal subgroups 
@,/A is polyplinthic with a plinth series of length r - 1, h(t?,) C h - 1, H,/F is 
free abelian, and the group A is cyclic of prime order q. We have already pointed 
out that 
K[F] = (K[A]) *(F/A) = K[s] *(F/A) (3.1) 
We study first the subgroup F and its linear envelope K[F]. 
Proposition 3.4. Let c be the nilpotency class of F. Then F contains a torsion free 
characteristic subgroup F, such that the subring K[ 8, F,] is isomorphic to the group 
ring K[e]F,, the quotient group FIF, is a finite group whose exponent divides qc 
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and K[F] is isomorphic to an appropriate cross product, 
K[F] = (K[e]F,) * (FI(F,A)) . (3.2) 
We need first the following fact, proved by Malcev in [22]; a simple proof can 
be found in Hartley’s article [7]. 
Lemma 3.5. Let L be a nilpotent group of class c. Then for every natural m the 
product of elements x~‘x~’ . . . xrc is an mth power of some element x. 0 
Proof of Proposition 3.4. Let F, = Fqr. It follows easily from Lemma 3.5 that F, is 
torsion free and hence F, fl A = 1 and the elements from F, centralize A. 
Furthermore, since K[H] = K[A] * HIA any system of coset representatives of A 
in H is linearly independent over K[A]. The relation F, n A = 1 implies that we 
can obtain a transversal for A in F taking all the elements from the union of the 
cosets hip,, where h, = 1, h,, . . . , h, is an arbitrary transversal for the subgroup 
AF, in F. (It is worth remarking that in fact m is a power of q.) This implies that 
the elements of F, are linearly independent over the subfield K[A] = K[E], i.e. 
K[E, F,] = K[e]& and that the elements h, , h,, . . . , h, are linearly independent 
over K[e]F,, and (3.2) follows. 0 
We continue the study of the ring K[H,]. 
Theorem III. There exists a polyplinthic subgroup U C I?, with h(U) 5 h - 1 and 
a plinth series of length r - 1; the index (Z?, : U) = q”‘, m 5 4(h), where 4(h) is an 
integer valued function of the Hirsch number h; the subring generated by K[A] and 
U is isomorphic to the skew group ring K[A] * U = K[E] * U and K[l?,] is a left 
free module over the subring K[E] * U, its dimension is a divisor of q”’ and any 
transversal for AU in I?, gives a basis of K[i?,] over K[e] * U. Hence, K[Z?,] has a 
faithful matrix representation of degree qml (m, 5 m) over K[F] * U. 
We first need the following lemmas. 
Lemma 3.6. Let L be a finite q-group, Q(L) be its Frattini subgroup. Assume that 
the exponent of L divides q”, its nilpotency class is c and the quotient group 
L/@(L) has rank s. Then the order of L is a divisor of the number qaStaS2t”‘+nSc-1. 
Proof. The number of generators of the kth factor yk(L) IY~+~(L) does not 
exceed sk; hence its order is a divisor of qask and the assertion follows easily. 0 
Lemma 3.7. Let N be a group, L be a normal q-subgroup such that N/@(L) is 
nilpotent of class t. Let Di(ZqL) (i = 1,2, . . .) denote the ith dimension subgroup 
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in characteristic q and assume that Dk+, (Z,L) = 1. Then N is nilpotent of class less 
than or equal to tk. 
Proof. The conjugation in N defines in every factor D,(Z,L) /Di+,(Z,L) a 
structure of a Z,(NIL)-module. Let N = N/@(L), L = L/@(L). Since N/@(L) is 
nilpotent of class t, we obtain that 
[L, N, N, . . ) lq = 1 
which means that the tth power of the augmentation ideal w(Z,N) annihilates the 
Z,N-module L. But it is well known that L is isomorphic to the module 
w(Z,L)lw2(Z,L). Thus 
o’(Z,N) - (aJ(Z,L)/a?(Z,L)) = 0 
and we obtain easily from the last relation that 
w’(Z,N)) . (w’(Z,L)Iw”‘(Z,L)) = 0 (i = 1,2,. . . , k) 
Since for every given i = 1,2, . . . , 
w’(z,L)Iwi+‘(zyL), 
k, D,(Z,L)ID,+,(Z,L) is a submodule of 
we obtain that w’(Z,N) annihilates the module D,(Z,L)l 
Dl+ ,(Z,L). We complete now the proof by induction on k. Assume that 
NID,(Z,L) is nilpotent of class less than or equal to t(k - 1). Thus, 
y,(N) C D,(Z,L) (s = 1 + t(k - 1)). (3.3) 
Since D,(Z,L) is central in L and 
(w’(Z,N)) . D,(Z,L) = 0, 
we obtain that 
[D,(Z,L), N, N, . , N] = 1 (3.4) 
, 
and it follows from (3.3) and (3.4) that Y,+,~(N) = 1 and the assertion 
follows. 0 
Lemma 3.8. Let N be a group which contains a normal finite subgroup L whose 
exponent divides qa and the nilpotency class does not exceed c. Assume that the 
quotient group LI@(L) can be generated by s elements and that the quotient group 
NIL is free abelian with rank less than or equal to k. Then N contains a free 
abelian subgroup U with index (N : U) a divisor of the number q”‘, where 
m = +(cY, c, s, k) is an integer valued function. 
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Proof. The group of inner automorphisms of N induces a group of auto- 
morphisms in L and hence in L/@(L). Since L/@(L) is a vector space of 
dimension less than or equal to s over Z, we conclude easily that N contains a 
normal subgroup N, > L such that N, acts trivially on L/@(L) and the index 
(N:N,) is a divisor of (GL(s,q):l)=(q”-l)(q”-q)...(q”-q”-’). Since 
N,IL is abelian, we obtain that the group N,/@(L) is metabelian. We obtain from 
Lemmas 3.6 and 3.7 that N, is nilpotent of class 
c, 5 2(as + as* + . * ’ + aP) . (3.5) 
Since the nilpotency class of N, does not exceed c,, Lemma 3.5 now implies that 
N, contains a torsion free characteristic subgroup N2 such that N,iN2 is a q-group 
of exponent dividing the number q aC1. Since N, is torsion free we obtain also that 
N2 f’ L = 1 and hence N2 is torsion free abelian and the subgroup generated by N2 
and L is the direct product N2 x L; the quotient group N,/(N2 x L) is abelian 
because NIL is abelian. 
Since L/@(L) has rank s, we obtain that L can be generated by s elements; 
since N,IL is free abelian of rank less than or equal to k the group N, can be 
generated by (s + k) elements and so can N,/N2. But N,/Nz has exponent dividing 
q aC1. Lemma 3.6 implies that the order of the group N,IN, is a divisor of 
q 
nc,[(s+k)+(s+k)2+...+(.s+~)~l~‘] 
where c, is the same as in (3.5). Since (N: N,) is a 
divisor of (GL(s, q) : 1) the maximal power of q, dividing (N : N,) does not 
exceed (1+2+-s. + s - 1). We obtain therefore that the order of the Sylow 
q-subgroup of (N/N,) is a divisor of qm, where 
m = (1+ 2 +. . * + s - 1) 
+ (YC~[(S + k) + (s + k)2 + . . . + (s + k)“-‘I . (3.6) 
Finally, the group N/N, is soluble because N is soluble. Let V be the Hall 
q’-subgroup of N/N, and U be its inverse image in N. Then (N : U) is a divisor of 
qm, where m is given by (3.6) and it remains to prove that U is free abelian. 
Indeed, U is an extension of a free abelian group N2 by a q’-group V. Since L is 
a q-group we obtain that U fl L = 1, and U must be free abelian of rank less than 
or equal to k because N/L is. This completes the proof. 0 
Proof of Theorem III. Let F, F, and A be as in Proposition 3.4, & = A X F,. We 
rewrite now (3.2) in the form 
K[F] = IQ,] * (F/F,) (3.2’) 
and correspondingly 
K[H,] = K[F,] * (z&/F,) ) (3.7) 
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where HiIF, is an extension of the finite group FIF, by a free abelian group - - 
Z?,/F- Hi/F. The nilpotency class of F/F, is less than or equal to h - 1; its 
exponent is a divisor of qh-’ and since it is a homomorphic image of F, the 
quotient group by its Frattini subgroup has rank less than or equal to the Hirsch 
number of F which in its turn does not exceed h - 1; the rank of the group H,IF, 
also does not exceed h - 1. Apply Lemma 3.8 and obtain that the group H,IF, 
contains a free abelian group 0 of rank less than or equal to h - 1 and 
((fi, lpi ) : t!?) is a divisor of the number qm, m = 4(h). Let Ube the inverse image 
of 0 in H,. Then (fi, : U) 1 qm and U/F, = I? is free abelian. In particular, II is 
torsion free which implies that the subgroup ( U, A ) is a split extension of A by 
U. We can therefore pick a system of coset representatives for H, over A such 
that it includes the elements of U. But K[H,] = K[A]* (Hi/A). Hence any 
system of coset representatives of A in a, is linearly independent over K[A] and 
hence the elements of U generate over K[s] the skew group ring (K[E]) * U and 
any system of coset representatives of AU in a, is linearly independent over the 
subring (K[E]) * U. Clearly, the index of AU in H, is a divisor of the number qm 
and hence K[H,] is a free left module of finite rank over its subring (K[E] * U). It 
is known (see, for instance, [28, 2.5.101) that in this case K[fi,] has a faithful 
representation of degree equal to (K(H,) : (K[e] * U)) over the ring K[E] * U. 
Finally, Z?,IA = H,IA is polyplinthic with a series of length r - 1 and by 
Lemma 3.2 so is its subgroup 6, the image of U in H,/A. But U = fi and the 
assertion follows. 0 
Corollary. Let U, be the centralizer of A in U. Then the index LX = (U : U,) is 
jinite and is a divisor of q - 1; the subring generated by K[A] and U, is isomorphic 
to the group ring K[ e]U,. 
Proof. Since the group U acts as a group of automorphisms of the cyclic group 2 
of order q we obtain that (U : U,) is finite and divides q - 1. All the other 
statements of the assertion follow easily from the theorem. 0 
3.3. 
Throughout this section let H be a polyplinthic group, K be a finitely generated 
commutative field with characteristic zero or char K > C(h), A be a plinth in H, 
H, be a subgroup of H such that (H : H,) 5 2 and B, (i E Z) be a system of 
H,-invariant maximal ideals in KA (see Theorem I and the beginning of Section 
3.2). Let D be the field of fractions of KH and D, be the field of fractions of KH,. 
We recall (see Proposition 3.3) that every ideal B,(KH,) is localizable in KH, Let 
Mj = (KH,)\(B,(KH,)), T, = (KH,)MIY’ and J(Ti) be the maximal ideal of T,. 
Then the quotient ring T,lJ(T,) IS isomorphic to the field of fractions Dj of the 
ring K[Z?,] -(KH,)l(B,(KH,)). Furthermore, by Theorem III, Hi contains a 
polyplinthic subgroup U, such that (#, : U;) 1 qy’, where m, = $(h) and the 
Soluble subgroups of CL,,(R) 255 
subring generated by K[A,] and MU, is isomorphic to the skew group ring 
K[ci] * U,, where E: = 1. Since K[B,] has a finite left dimension qml’ over the 
subring K[E;] * U,, we easily conclude that the field Di is isomorphic to the ring of 
fractions of K[B,] with respect to the subring K[ei] * U,. In other words, if Ai is 
the field of fractions of the group ring K[q] * U,, then 
and, in particular, dim,(D, : A,) = q:“’ (mil 5 m). 
Assume now that arbitrary non-zero elements in D, 
X1,-q>..‘,X, (3.8) 
are given. Let xi = ajbrl 
n itl B,(KH, ) = 0, 
(aj,bjEKH,,bj#O, j-l,2 ,..., s). Since 
we can find a cofinite subset I, c I such that u,,bj~B,(KH,) 
(j=1,2,. . . , s, i E II) and hence 
x;ET,\J(T,) (j=1,2 ,..., s,iEZ,). (3.9) 
We obtain thus the following proposition. 
Proposition 3.9. Let (3.8) be given elements of D,. Then there exists a cofinite 
subset I, c I such that (3.9) holds; every quotient ring Dj = T,IJ(T,) is isomorphic 
to the field of fractions of the ring K[Z?,] and Di has dimension qml’ (m;, 5 4(h)) 
over the subfield Ai, the field of fractions of the skew group ring K[E,] * U,. 0 
Now let R be a finitely generated subalgebra of (Dl),lxn. Proposition 3.9 
implies that there exists a cofinite subset I, G I such that R C (T,),,, (i E I,). Let 
Ci = J(T,) II R, R, = R/C, (i E I,). We obtain the following corollary to Proposi- 
tion 3.9. 
Corollary 3.10. The system of ideals C, c R (i E Z) has the following properties: 
(i) fllEI C, =O. 
(ii) For every given i E I, the quotient ring R/C, is isomorphically imbedded 
into the matrix ring (Di), Xn, where Di = T,IJ( T,) is the field of fractions of the ring 
K[l?,]. 
(iii) R is isomorphically imbedded into a suitable ultraproduct 
Proof. Statements (i) and (ii) follow from the facts that ni,,l Bi = 0 and 
T,lJ(T;) = Dj (i E II). Statement (iii) can be obtained by a standard ultraproduct 
argument. (See, for instance, [18, Lemma 6.41.) 0 
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Now let G be a finitely generated subgroup of GL,,(D,). Apply Corollary 3.10 
to the finitely generated subalgebra R = K[G]. Then for every given i E I, the 
homomorphism R-+ R, induces a homomorphism of groups G+ Gj c GL,(D,). 
Corollary 3.10 implies easily the following fact. 
Corollary 3.11. Let G be a finitely generates subgroup of GL,(D,). Then for every 
given i E I, there exists a homomorphism & : G--+ G, c GL,(D,), ni,,, ker(&) = 
1, and G is imbedded into a suitable ultraproduct (ni,,, G;) 15. 
Theorem 3.12. Assume that H is a polyplinthic group with a Hirsch number r and 
K is a finitely generated commutative field of characteristic zero or p > C(h). Let 
(3.8) be given nonzero elements of KH and t be a given natural number. Then 
there exists an ideal Cc KH such that K[l?] = (KH) IC is isomorphic to a 
semiprime subalgebra of a matrix algebra (K,)mxm, where 
m=2Pcx,02... ‘y,qr;1’qF’. . . q;1’ ) 
o;((q,-l)andq,>t(i=1,2 ,..., I), the group I? is finite and 1 does not exceed 
the number r, the length of the plinth series (1. l), p 5 r, 
mj 5 cp(h) (i = 1,2,. . . , I), 
where cp(h) is an integer valued function of the Hirsch number h, and K, = K(E) is 
a cyclotomic extension of degree q,q2 . * . q, over K. Furthermore, the images gI of 
the elements xi ( j = 1,2, . . . , s) are invertible in the ring (KH) IC and the 
homomorphism (Y : KH+ K[fi] is extended to a specialization rr : D -+ K[k]. 
Proof. Proposition 3.3 and Theorem III and its corollary imply that there exists a 
subgroup H, > A of index 1 or 2 and an Hi-invariant ideal B c KA such that the 
ring K[fi,] = (KH,)I(B(KH,)) 1s g enerated by a polycyclic-by-finite group H, 
which contains a polyplinthic subgroup U, c H, (with a plinth series of length 
r - 1) such that (H, : U,) = o,qy’, K[fi,] has a faithful representation of degree 
olqy’ (m, 5 cp(h)) over the group ring K[e,]U, and the images X, ( j = 1,2, . . . , S) 
of the elements (3.8) are non-zero elements of K[I?,]; the ideal B(KH, ) is 
localizable. Clearly, we can assume that q, > t. 
The ring KH is an Ore domain and it is easy to see that its field of fractions is 
isomorphic to the ring of fractions with respect to the subring KH,. We conclude 
easily from this fact that for every element 0 # x E KH there exists a nonzero 
element x’ E KH such that 
0#xx’=y~KH,. (3.10) 
In particular, we can find nonzero elements uj (j = 1,2, . . , s) such that 
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0 # xiu, = vi E KH, (3.11) 
and (3.11) implies that if the images of the elements vj (j = 1,2, . . . , s) are 
invertible modulo an ideal CC KH then so are the images of the elements xI 
(j-1,2,..., s). We will assume therefore that xi E KH, ( j = 1,2, , . . , s). 
The ring K[l?,] is an Ore domain and it is easy to see that its field of fractions is 
isomorphic to the ring of fractions with respect to the subring K[c,]U,. 
Once again, as in (3.11) we can find nonzero elements .i?i ( j = 1,2, . . . , s) such 
that 
0 # x,X; = y, E K[ q]U, . (3.12) 
We can apply induction by the length of the plinth series and to obtain an ideal C, 
in the group ring K[.z,]U, such that the images of the elements y,, y,, . . , , y, 
under the homomorphism 
are invertible, the image $(U,) of the group U, is finite, the quotient ring 
(K[e,]U,) /c, is semiprime and is imbedded into a matrix ring of degree 
2P$. . . (+Q. . . qy’ over a cyclotomic extension of degree q2q3 . . . q1 over the 
fieldK[&,],q,>t,a,I(ql-1)andP,~r-1(j=2,...,1,1-1~r-1).LetA 
be the field of fractions of K[.c,]U,. By the induction hypotheses the homo- 
morphism r,!~ is extended to a specialization 0 : T-+ T/J(T) = (K[ &]U,) ic, . We 
extend now + to a homomorphism W of matrix rings 
Once again, VJ is extended to a specialization 
Let 4 be the restriction of !P on the subring K[Z?,] c (K[F,]U,)~~~~,~~,~~,. We see 
that 4(K[f?,]) is a finite-dimensional K-algebra, $(I?,) is a finite group because 
4(U) = I/J(U) is finite. We have also 
~(x,)~(Xl>=~(X,Xj)=~(y,) (j=l,L...,s) (3.13) 
and hence 4(X,) is invertible in the algebra $(K[H,]). Furthermore, +(K[N,]) is 
a subring of ((KIE~IL/~)IC.)“~~;~~~~~~:,. Since (K[tz,]U,)IC, has a faithful repre- 
sentation of degree 2%~~. . . VI2 . . . q, over a cyclotomic extension K, = 
K[E,> ~2, . . . , E,], we obtain that 4(K[Z?,]) 1s isomorphically imbedded into a 
matrix algebra of degree m, = 2%~~ cr2 . * . a,qr;21qyz. + . qy’ over K,. We obtained 
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thus two homomorphisms 
and their composition $,& maps the elements (3.8) into invertible elements of 
(KI )“IOXrn,, and the group ($,&)H, is finite. 
We prove now that the homomorphism 4, & can be extended to a specialization 
from D into (K ) I m,,x,,~,,._Observe first that the relation (3.12) implies that every 
non-zero element of K[H,] becomes invertible in the matrix ring Aa,Y;llXU,yll,; this 
implies easily that the monomorphism K[H,]+ Au,4;ilxa,qy, is extended to an 
imbedding A, + A a,qyxqq:” of the ring of fractions A, of K[fi,]. Now let 
T, = A, II (T)a,yy,xa,q;ll. The ideal M = (J(T) 
q9;n’xq9, 
m,) fl A, is quasiregular in 
T, and the map 8, : T, + T,/M is a restriction of 0 on T,. Since T, 2 K[H,] and 
4, is the restriction of 0 on K[H,] we obtain that 13, is a specialization, which 
extends 4,. Since the idea1 ker I& = B is localizable we obtain a specialization 0, 
extending the homomorphism & and the specialization 13~ extending the homo- 
morphism 4,. Lemma 2.2 in [29] implies that there exists a specialization 
0, : D 2 (0, 0,) KH, extending the homomorphism 4, +*. 
Let H = ($,, &)H,. Since H, is a finite group, the quotient algebra of K[fi,] 
by its radical rad(K[H,]) is separable (see [4, 7.101); we obtain now from 
Wedderburn’s Theorem that there exists a separable subalgebra S G K[k,] such 
that 
K[l?,] = S + rad(K[fi,]) . (3.14) 
The decomposition (3.14) together with the homomorphism 4,& defines a 
homomorphism y of KH, on a subalgebra S $ (KL)m,,xmO. Since the elements 
M%(x,) (j = 1,2,. . . > 
x;=y(x,)(j=1,2,... 
s) are invertible in K[I?,] we obtain that the elzments 
, s) are invertible in S. The homomorphism 6 : K[H,]- S 
is a specialization since its kernel is the nilpotent ideal rad(K[H,]); we obtain 
therefore that the homomorphism S+,+, is extended to a specialization rr = 
60, : D- S = K[ii,]. 
Finally, let C, be the kernel of the homomorphism & : KH, - (K,)mox,no; we 
can assume that (H : H,) = 2 and hence KH is isomorphically imbedded into the 
matrix ring (KH,),,,. The homomorphism KH,* (KH,)/C, is extended to a 
homomorphism of matrix rings (KH,),,,+=((KH,)/C,)2x2 and we obtain an 
induced homomorphism VT of KH into the matrix ring (K,)2mux2m,, of degree 
2m”=2131+‘Ly,(Y*...(Y,q,q2...ql=m, where P,+l=P’r; let C=kern. We 
see that the images of the elements x, E KH, ( j = 1,2, . , s) are invertible in 
(KH,)IC and hence in (KH)IC. The same argument as above shows that n is 
extended to a specialization and that we can assume that n-(KH) is semiprime. 
This completes the proof. 0 
Soluble subgroups of GL,, (R) 259 
Corollary. Let D be the field of fractions of KH, (3.8) be given nonzero elements 
of D and t be a given natural number. Then there exists an ideal C c KH such that 
(KH) lC = K[Z?] IS a semiprime algebra generated by the finite group fi and a 
subring T G D such that 
(i) x, E T\J(T) (j = 1,2, . . . , s), 
(ii) the quotient ring T/J(T) 1s isomorphic to (KH) IC and the images of the 
elements (3.8) are invytible in TIJ( T), 
(iii) the algebra K[H] is isomorphic to a subalgebra of (K,),X,,, where K, and 
m are as in Theorem 3.12. 
Proof. Let x, = a,b,’ (aj,bjE KH, b, #O, j= 1,2,. . . ,s). 
Apply Theorem 3.12 to the set of elements aj,bj ( j = 1,2, . . . . , s). We obtain 
an ideal C c KH and a specialization 7~, extending the map KH--+ (KH) I 
C = K[Z?] such that the elements aj,bj ( j = 1,2, . . . , s) are invertible modulo C. 
Hence, if T is the domain of 7~, then 
a,,b,ET\J(T) (j=1,2 ,..., s). (3.15) 
The statements (i) and (ii) follow now from (3.15). Statement (iii) follows from 
Theorem 3.12. 0 
Theorem IV. Let H be a polyplinthic group, K be an arbitrary commutativeheld, 
char K = 0 or char K > C(h), D be the field of fractions of KH, A be a field of 
dimension m2 over its center Z, Akxk be a matrix subring of D,,,. Then (km) 14’n 
where r is the length of any plinth series in H. Hence, (km) ]4hn. 
We need first the following fact which is a slight generalization of Proposition 
3.1 in [17]; its proof does not differ from the proof of Proposition 3.1 in [15]. 
Let R be a ring such that for every given non-zero elements x,, x2, . . , xk a 
subring T, (i E I) containing these elements and an ideal U, c T, can be found such 
that the images of these elements in the quotient ring Ri = T,IU, are non-zero, 
where Ri is an algebra of dimension t, over a field K, and let t be the greatest 
common divisor of all the numbers tj (i E Z). Let P be a ring which contains a 
nilpotent ideal N such that PIN is a field A of dimension m2 over its center and 
assume that for some natural k the ring Pkxk is isomorphic to a subring of R,,, . 
Then (mk) 1 tn. 
Proof of Theorem IV. A routine argument reduces the proof to the case when K is 
finitely generated. Then apply Theorem 3.12 together with the result just 
quoted. 0 
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4. Generalized soluble subgroups of GL,(D) 
4.1. 
Let D be an arbitrary field, K be a subring of D,,,. Since every nilideal of R is 
nilpotent (see [8, Theorem 301) we see that there exists a unique maximal 
nilpotent ideal, which coincides with the nilpotent radical N(R) of R. We consider 
now the vector space h4 = D,,, as an R-D-bimodule (right R- and left D-module, 
or equivalently, right (R @ D”P)-module and will prove Propositions 4.1 and 4.2. 
These propositions are analogs of some known facts (see [34, Chapter l] or [23, 
3.1.161); their proofs are similar to the arguments in [34]. 
Let 
be a composition series of the bimodule M and consider the bimodule 
A?l=i Mi, (4.1) 
i=l 
where M, = M;IM,+, (j= 1,2,. . . , k). 
Proposition 4.1. Let p be the representation of R afforded by the right R-module 
I@. Then ker p = N(R). 
Proof. Since the elements of R commute with the elements of ROP we obtain 
immediately that N(R) belongs to the nilpotent radical of R 8 R”P and hence 
N(R) annihilates every factor M,IM,+, (i = 1,2,. . , k); thus, N(R) annihilates 
A?, i.e. N(R) C ker p. 
To establish the converse inclusion we pick an arbitrary x E R such that 
h?l.x =O. Hence, (MjIM,+l)* x = 0 (i = 1,2,. . , k) and it follows easily that 
M * xk = 0, i.e. xk = 0 and we obtain that ker p c N(R) and the assertion 
follows. 0 
Corollary. Let R be a subring of D, xn. Then there exists an isomorphic imbedding 
p : R/N(R)+ D,,,. 
Proof. Take representation p, afforded by the right R-module i@ defined by 
(4.1). 0 
Proposition 4.2. Let R be a semiprime Goldie subring of D,,, , T be a right 
denominator set of regular elements in R. Then the quotient ring RT-’ imbeds into 
a matrix ring Dkxk for some k I n. 
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Proof. Let tar(M) = {m E A?! 1 mt = 0 for some t E T}. It is well known that 
tor A? is a submodule of the right R-module A4 (see [23, 1.171); it is not difficult to 
verify that it is in fact a subbimodule. But the bimodule A?! is completely 
reducible; there exists therefore a subbimodule V c hl such that 
M-tor(i$) + V . (4.2) 
Clearly, tar(V) = 0. On the other hand, tor(&!) has finite left dimension over D 
and hence we can find an element t E T such that 
tor(iii) - t = 0. 
Now we can prove that V is a faithful right R-module. Indeed, 
some r E R then we can take t, defined by (4.3) and obtain from 
(tor M) - (rt) = 0 
because tor %! is a subbimodule. Clearly, 
v* (rt) = 0 
and hence by (4.2), (4.3) and (4.5), 
(A?) - (rt) = 0. 
(4.3) 
if V-r=0 for 
(4.3) 
(4.4) 
(4.5) 
Proposition 4.1 together with the semiprimeness of R now implies that rt = 0. But 
the element t is regular; we obtained thus that r = 0 and hence we proved that V is 
faithful. This implies that for every t E T the map V+ Vt is an isomorphism of the 
left finite-dimensional over D vector space V on itself. We obtain thus a faithful 
representation R in a finite-dimensional vector space V= DCk) such that the 
elements of T are represented by invertible matrices and the isomorphism of 
RT-’ into the ring Dkxk is obtained easily. 0 
Corollary. Let R be a semiprime Goldie subring of D, xn, A,, A,, . . . , A,,, be all 
the minimal prime ideals of R. Then the ring of fractions S of R imbeds into a 
matrix ring D,, k for some k 5 n and 
where Ai (i = 1,2, . . . , m) is a field, 
znisn (4.7) 
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and the matrix ring (Aj),,8X., is isomorphic to the ring of fractions of the prime 
Goldie ring RIA , (i = 1,2, . . , m). 
Proof. Follows easily from Proposition 4.2 and well-known properties of matrix 
rings. Cl 
4.2. 
Lemma 4.3. Let V be a subgroup of GL,(D), U be its normal subgroup. Assume 
that K[V] is a semiprime ring and K[U] 1s a (semiprime) Goldie ring, and the 
quotient group is either abelian or locally finite. Then: 
(i) K[V] is a Goldie ring. 
(ii) Zf 
is the ring of fractions of K[V] then there exists a local system of subgroups 
UCV,CV (iEZ) such that for every i E I, V,/ U is finitely generated and every 
subring K[V;] is a Goldie ring and its ring of fractions is 
R, = (Ai”)nlx,, + (A:I))nZxn2 + . . . + (A/il))nkx,lk ) (4.9) 
where for every j = 1,2,. . . , k, A’!’ C A. U A:’ = Aj. 
(iii) Zf all of the fields “ii’ ( j =‘l,<, .I.‘. , k)c:n (4.9) are finitely generated, then 
there exists a subgroup U c V, c V such that V,lU is finitely generated and R is 
isomorphic to the ring of fractions of K[V, 1. 
Proof. Let S be the ring of fractions of K[ U], V,, > U be an arbitrary subgroup of 
V such that V,,/U is finitely generated. We consider separately two cases. 
Case 1: The quotient group V/U is locally finite. Then V,lU is finite, say 
consists of elements uI = 1, u2, . . . , u,, and it follows easily that 
(S, V”) = su, + su?_ +. . . + su, ) 
which implies easily that (S, V,,) is an artinian ring. Thus, 
(S, h)l(rad (S, V,)) = (Tl)nl,x,n, +(TZ)m2xm2+ . . .  (Tk)y,lkXmk 7 
where every T, ( j = 1,2, . . . , s) is a field and c :=, m, 5 n. It follows easily that 
we can pick a system of finitely generated subgroups V, (i E Z) such that 
U iE, V, = V and hence U IE, (S, V;) = R and for every i E I, 
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(S, K> /G-ad (S, K/i)> =(Aj”),,,,,, +(A?‘))n2y,ty + * * - + (A,!))n,xn,, 
(4.10) 
where every A:’ (j = 1,2,. . . , k) is a field. Since R is semiprime, we conclude 
easily that in fact rad (S, V,) = 0 (i E Z) and we obtain (4.8) taking 
A,= I._! A:’ (j=1,2 ,..., k). 
iEI 
(4.11) 
If now every field Aj in (4.11) is finitely generated, then we obtain a finite 
subsystem I, C Z such that 
A,= U A:’ (j=1,2,...,k) 
IEI, 
and hence R = UIEI, (S, K) and the last statement follows if we take V, = 
(V.1 XI,). 
Case 2: The quotient group V/U is abelian. This time the quotient group V,,l U 
is finitely generated abelian. The ring (S, V,) is therefore Noetherian by one of 
the versions of Hall’s theorem (see [28, Theorem 10.2.61). Furthermore, since 
(S, V) is semiprime and V normalizes (S, V,) we conclude easily that (S, V,,) is 
semiprime. Thus, we obtained that for every finitely generated subgroup V,, z V 
the ring (S, V,,) is semiprime Noetherian. We can now find a system of finitely 
generated subgroups V, c V such that U iE, V, = V and the ring (S, y) has a 
semisimple artinian ring of fractions of the type (4.9), and the proof is completed 
asinCase1,ifwetakeAi=UU,,,Aj’)(j=1,2,...,k). 0 
Corollary 4.4. Let V be a subgroup of GL,(D) such that K[V] is semiprime, U be 
a normal subgroup of V such that K[ U] is a (semiprime) Goldie ring and assume 
that the quotient group V/U = W has a finite series of normal subgroups 
w= w,aw2>.- .>W,_,>W,=l (4.12) 
such that all the factors Wi/ Wi+ 1 are either abelian or locally finite. Then K[V] is a 
Goldie ring. 
Proof. Follows by induction on m from Lemma 4.3. 0 
Corollary 4.5. Let V be a subgroup of GL,(D) such that K[V] is semiprime and 
assume that it has a series (4.12) with all the factors W,/ W, +, abelian or locally 
finite. Then K[V] is a Goldie ring. 
Proof. Follows immediately from Corollary 4.4. 0 
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Corollary 4.6. Let V be a subgroup of GL,(D) such that K[V] is semiprime and 
assume that V is an extension of an FC-subgroup by a locally finite group. Then 
K[V] is a Goldie ring. 
Proof. Follows from Corollary 4.4 via the fact that the commutator subgroup of 
an FC-group is locally finite (see [28, 4.1.51). 0 
Proposition 4.7. Let V be a subgroup of GL,(D), U C V be a normal subgroup. 
Assume that K[V] is isomorphic to a suitable cross product K[ U] * V/U, that K[V] 
is semiprime and K[ U] 1s a Goldie ring. Assume also that the group W = VI U has a 
series (4.12) with all the factors WilWj+, abelian or locally finite. Then K[V] is a 
Goldie ring. Furthermore, if (4.8) is the ring of fractions of K[V] then at least one 
of the summands (A,),u,,u (o = 1,2,. . . , k) contains a subfield which is not 
finitely generated, provided that the group W is not polycyclic-by-finite. 
Proof. It follows immediately from Corollary 4.4 that K[V] is a Goldie ring as 
well as every subring K[ U] * Wa (a = 1,2, . . . , k). We have to prove only the 
second statement. Furthermore, it is easy to see that if W is not polycyclic-by- 
finite then there exists a factor W, /W, + , which is not polycyclic-by-finite. Hence, 
W,/W,+, is an infinite locally finite group or an abelian group which cannot be 
finitely generated. We have also 
Since K[U] * Wa+, is a Goldie ring, and W,i W, + 1 is not finitely generated we 
obtain from Lemma 4.3 that the ring of fractions of K[ U] * W, has a form 
R, = (DAnlxml + (DA2xm2 + . . . + (Ds)msxms 3 (4.13) 
where one of the fields in (4.13), say D,, is not finitely generated. Let (4.8) be the 
ring of fractions of K[ U] * W. Then there exists a nonzero projection 8 of D, on 
one of the summands say (Al)nIX,+ since D, is a field 8 must be an isomorphism 
and hence (AJnlX~, contains a subfield D, which is not finitely generated. The 
proof is completed. 0 
4.3. 
Let K(W] be a prime ring generated by an abelian-finite group W. It is well 
known that K[W] is a PI-ring and it has a ring of fractions R = A,,,, where D 
has finite dimension k* over its center Z (see [33]). 
Proposition 4.8. Let U be an abelian normal subgroup of finite index in W, V be 
the centralizer of U. Then (W : V)](m!)m”k”. 
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Proof. Let 2 be the center of R. The linear envelope Z[U] is a commutative 
finite-dimensional algebra over Z; since U U W it must be semi-simple. Hence it 
is a direct sum of commutative fields 
ZIU]==TI+TZ+...+T, (s(m) 
and we obtain from this decomposition 
z L- z, + z, + . * . + z,y ) (4.14) 
where Z; c T, (i = 1,2, . . , s). These fields T, (i = 1,2,. . , s) must be isomorphic 
because Z[U] is W-prime. Furthermore, the group W acts by conjugation on the 
set of fields {Tl,TZ,..., T,y} and there exists therefore a normal subgroup 
W, U W such that W/W, is a subgroup of the symmetric group Sym(s) and W, 
stabilize every field T, (i = 1,2, . . , s) and hence centralize every idempotent e, 
(i = 1,2,. . . ) s) defined by (4.14). Clearly, W, > V > U. The group W, now acts 
on every subfield T, and the elements of V centralizes U and hence all the Ti 
(i = 1,2,. . . , s). On the other hand, if an element w E W, centralizes every 
subfield T, (i = 1 ,2, . . . , s) then it centralizes also Z[ U] and hence w E V. We 
obtain from this that the action of W, on Z[U] is in fact the action of the quotient 
group WI/V and if Wli is the group of automorphisms of T, induced by W, then 
W,lV is isomorphic to a subgroup of nl=, W,,. 
We consider now an arbitrary field T, and its group of automorphisms W,;. If F, 
is the set of elements fixed by W,, then F, > Zi and dim(Ti : F,) = ( W,i : 1) (see 
[22, Theorem 5.4.31). 
Now pick elements wi E W such that Tj = wi. T, (i = 1,2,. . . , s) and let T be 
the ‘diagonal’ subfield of T, + T, + . . . + T,, i.e. the subfield formed by all the 
elements 
t+ w,.t+.. .+ w;t (TV T,). 
We see that T is a subfield of R and T is isomorphic to every T, (i = 1,2, . . . , s). 
Since dim( T : Z)]mk we conclude that dim( Ti : Z,)(mk. But dim( Ti : Zi) = 
dim(T, : Fi). dim(F, : Z,) and we obtain that the order of W,, divides mk. Since 
W, /V is a subgroup of nr=, Wli we see that the order of WI/V is a divisor of mSkS 
and, because s 5 m, (WI : V)lk”m”. This, together with the relation (V : W,)lm! 
implies that (V : W,)~(m!)k”m” and the assertion follows. 0 
5. FC-subgroups and soluble subgroups of GL,(D) 
5.1. 
We study in this section the FC-subgroups of GL,(D) where D is one of the 
following classes of fields. 
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(i) The field of f ractions of the group ring KH, H is a polyplinthic group. 
(ii) The field of f ractions of the universal enveloping algebra U(L), L is an 
abelian-by-finite-dimensional Lie algebra. 
(iii) The subfield D, generated by the subring KH in the Malcev-Neumann 
power series ring K(H) of a residually torsion free nilpotent group H. This class 
of fields includes the universal field of fractions of a free group ring KF and the 
Ore ring of fractions of a group of a free soluble group F/F’“‘. 
In fact, we will need in our proofs only the two following properties which these 
fields satisfy. 
(I) If N is a unipotent-by-locally finite subgroup of GL,,(D), then 
K[N] = T + rad(K[N]) , 
where T is a separable subalgebra of K[N] and there exists c E GL,(D) such that 
cC’TC c K,,, . 
(11) If R = A,,,, is a matrix subring of D,,, where A is a field of dimension k2 
over its center, then there exists a number h, depending only on D, such that 
(mk)(4hn. 
Property (I) was proven in [20] for some classes of fields which includes the 
fields of types (i)-(iii). Property (II) was proven in Section 3 of the paper for 
fields of type (i). For fields of types (ii) and (iii) it follows from the results of 
articles [17], [18] and [.5]. 
Proposition 5.1. Let W be an abelian-by-finite subgroup of GL,(D) such that the 
subring K[W] is semiprime, U be an abelian normal subgroup offinite index, V be 
the centralizer of U in W. Then (W : V)][(4hn)!]“+‘, the commutator subgroup V’ 
is locally finite and there exists c E GL,(D) such that 
cm’V’c G GL,(K) . (5.1) 
The ring K[W] satisfies a PI-identity of degree less than or equal to 4hn. 
Proof. Since U is a central normal subgroup of finite index in V, we obtain by 
Schur’s theorem that V’ is locally finite; since K[W] is semiprime and V’ 4 W we 
obtain that K[V’] is semiprime and property (I) implies that there exists 
c E GL,,(D) such that (5.1) holds. 
Corollary 4.5 implies that K[W] is a Goldie ring and the corollary to Proposi- 
tion 4.2 yields that its prime homomorphic images K[W] /A, are imbedded in 
matrix rings D,, Xn (i = 1,2, . . . , 
case when K[W] !Is prime. 
k) where C:=i n, 5 n. Consider first the special 
Since W is abelian-by-finite its linear envelope is a 
PI-ring with a ring of fractions R a simple artinian PI-ring; hence, R = A,,,, 
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where A has dimension k* over its center Z. But R is isomorphically imbedded 
into a matrix ring D,,, (r 5 n) by the corollary to Proposition 4.2 and property 
(II) now implies that (km))(4h ) Y and hence the PI-degree of R is less than or 
equal to 4hn. But Proposition 4.8 implies that (W : V)l(km!)“” and r 5 n, hence 
(W : V) divides [(4hn)!]“+’ and the assertion is proven in the case when K[W] is 
prime. 
Now let K[W] be semiprime and 4, be the natural homomorphism 
K[W]+K[W]lAi(i=1,2,..., k). We obtain from the proven special case that 
for every given i the index of the subgroup 4,(V) in &(W) is some number tj 
which divides [(4hni)!]“1+’ and hence (V : W)l(t,t2. . . tk). The relation 
cf’_, 4hrz, ~4~n now implies that (V : W)][(4hn)!]“+‘. Clearly, the PI-degree of 
K[W] is less than or equal to 4hn. 0 
Proposition 5.2. Let W be a subgroup of GL, (0) such that every finitely generated 
subgroup of it is unipotent-by-abelian-by-finite. Then W contains a local system of 
finitely generated subgroups W, (i E I) and normal subgroups V, U W, (i E I) such 
that (W, : y/i) is a divisor of [(4hn)!]“‘1 and V,’ is unipotent-by-finite. Furthermore, 
the normal subgroup V= Ui,,~ of W has finite index dividing [(4hn)!]“+1, V’ is 
unipotent-by-locally finite, 
rad(K[V’]) = l,_, rad(K[VI]) (5.2) 
and K[W] satisfies a PI-identity of degree less than or equal to 4hn2. 
Proof. Take an arbitrary finitely generated subgroup W, C W. Since K[W,] I 
(rad K[W,]) is isomorphic to a semiprime subring of D,,, and the image w, of the 
group W, in K[ Wi] /(rad(K[ Wj])) is an abelian-by-finite group we obtain from 
Proposition 5.1 that the ring K[W,] satisfies a polynomial identity of degree less 
than or equal to 4hn and that w, contains a normal subgroup c such that 
(W, : q.)[(4hn)!]“+‘. Since (rad(K[ Wj]))” = 0 we obtain that K[W,] satisfies a 
polynomial identity of degree less than or equal to 4hn2 and the inverse image V, 
of q in W, has an index, dividing [(4hn)!]“+’ and Vz’ is unipotent-by-finite. The 
system W, (i E Z) of all the finitely generated subgroups is local and their normal 
subgroups V, satisfy conditions of Proposition l.K.2. in [lo] and we can therefore 
apply the standard inverse limit argument and obtain the existence of normal 
subgroup V c W such that (W : V)][(4hn)!]“+‘, V fl W, = V, and V’ is unipotent- 
by-locally finite. Since every subring K[Wi] satisfies a PI-identity of degree 4hn2 so 
does K[W] and the assertion follows. 0 
Remark. Propositions 5.1 and 5.2 give more precise results in the case of fields of 
types (ii) and (iii). In this case we obtain that the index (W : V) is a divisor of 
(n!)2. 
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Proposition 5.3. Assume that the subring K[W] in Proposition 5.2 is semiprime. 
Then the subgroup V’ is locally finite, K[W] is a Goldie ring and its ring of 
fractions has a form 
where Au is a field of dimension rnt over its center Z, and 
i maru 5 4hn . (5.4) 
a=1 
Proof. Since K[W] is semiprime so is K[V’]. The relation (5.2) implies that every 
subring K[Vi] is semiprime and hence V,! is finite. This proves that V’ is locally 
finite. Thus, W is locally finite-by-abelian-by-finite; Corollary 4.5 now implies 
that K[W] is a Goldie ring and we obtain that it has a semisimple artinian 
ring of fractions (5.3). But R is a PI-ring. Hence, every ring A, in (5.3) has 
a finite dimension rnt over its center Zu. The relation (5.4) now follows from 
property (II) via the well-known fact of the theory of algebras that every 
summand 6% ), XI, in (5.3) is isomorphic to a subring of a suitable matrix ring 
D n x,I , where iI_, n, 5 n. This completes the proof. 0 CI a 
Corollary 5.4. The group W has a faithful matrix representation of degree less than 
or equal to 4hn over a commutative field a. 
Proof. The proof follows easily from the relations (5.3) and (5.4). Cl 
The following known fact will be used in our second paper on this subject; 
we include its proof for the sake of completeness. 
Corollary 5.5. Let K be a finitely generated commutative field, W be a subgroup of 
GL,(D) such that every finitely generated subgroup of it is soluble-by-finite. Then 
W is soluble-by-finite. 
Proof. We can assume that K[ W] is semiprime. Let V be the normal subgroup of 
W obtained in Propositions 5.2 and 5.3. Since K is finitely generated a locally 
finite subgroup of GL,(K) must be unipotent-by-finite and Proposition 5.3 
implies that the subgroup V’ is finite. Thus, W contains a normal subgroup V such 
that (W : V)l[(4hn)!]“+’ and V’ is finite. Hence, W is soluble-by-finite (in fact, 
abelian-by-finite if K[W] is semiprime). 0 
Theorem 5.6. Let D be a field which satisfies properties (I) and (II), W be an 
FC-subgroup of GL,(D) such that K[W] is semiprime. Then W is a center-by-finite 
group. 
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Proof. Every finitely generated FC-group is center-by-finite (see [28, 4.1.51). 
Apply Propositions 5.2 and 5.3 and obtain that K[W] is a PI-Goldie ring whose 
ring of fractions R is isomorphic to (5.3). The center of R is Z = (Z1),,Xrl + 
(Z&XrZ + . . . + vdrkxrk where Za is the center of Aa. The subring Z[W] 
contains K[W] and it is easy to obtain from this that R y Z[W] and (A,),Ux,a = 
Za [W] (a = 1,2, . . , k). Since dim(Za [W] : Z,) = rni we obtain easily that there 
exists a finitely generated subgroup W, c W such that Z[W,] = R. Let 
xi, x2, . . . , xk be a system of generators of W,. The centralizer in W of every 
element x, (CX = 1,2,. . . , k) has a finite index and hence, by the Poincare 
Theorem, the centralizer C of the set {x1, x2,. . . , xk} also has a finite index. But 
the relation Z[W,] = R implies that C is in the center of W and the assertion 
follows. 0 
5.2. 
Now let G be an arbitrary group, W be its normal subgroup. Recall that 
DG( W) = {x E G ( (W : C,(x)) <a} . (5.5) 
In particular, D,(G) = A(G) = the set of all the elements of G which have a 
finite number of conjugates. A group G is a hyper-A group if for every 
homomorphic image G = 1 we have A(G) f 1. 
Zalesskii proved (see [28,30]) that under some conditions on W every an- 
nihilator free ideal I c KG is controlled by W, i.e. I = (I fl KW)KG. Recall (see 
[28]) that I is annihilator free if for every infinite subgroup U c G and an element 
(Y E KG the relation 
a(u-1)EZ (UEU) 
implies that (Y E I. We need the following theorem of Zalesskii (see [28, Theorem 
11.4.21). 
Let W be a normal hyper-A subgroup of G and V= Do(W) U G. Then the maps 
Z-+ZnKV and L+L.KG 
set up a one-to-one correspondence between the annihilator free ideals Z of KG (in 
fact, those ideals Z with Z n KV annihilator free) and the G-invariant annihilator 
free ideals L of KV. Furthermore, under this correspondence, prime ideals of KG 
correspond to G-prime ideals of KV, and semiprime ideals correspond to G- 
semiprime ideals of KV. 
In particular, if G is soluble there exists a normal subgroup W such that 
Do(W) c W and Do(W) controls every annihilator free ideal of KG; Do(W) is 
the Zalesskii subgroup of G (see [28]). 
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The Zalesskii type subgroup for more general classes of groups were con- 
structed by Passman in [30, 8.71). W e need here a special case of Theorem 8.7 in 
[301. 
Proposition 5.7. (Passman) Let G be a soluble-by-finite group. Then G contains a 
normal hyper-A subgroup W with Do(W) C W. 0 
Clearly, in Proposition 5.7, Do(W) = A(W) is an FC-normal subgroup of G. 
Zalesskii’s theorem now implies the following corollary. 
Corollary. Let G be a soluble-by-finite group, W be a normal hyper-A subgroup 
with Do(W) C W. Then the subgroup A(W) controls every annihilator free ideal of 
KG. 0 
5.3. 
Let D be a division algebra over a commutative field K, G be a subgroup of 
GL,(D) such that K[G] is semiprime. Let F be a normal subgroup of G. Clearly, 
the subalgebra K[F] is semiprime. We need the following definition. 
Definition 5.8. The subring K[G] I D,,, (n 2 1) has property (*) if there exists a 
normal subgroup F U G of finite index, bounded by function f(n) = (n!)‘@!)“‘, and 
semiprime ideals A 1, A 2, . . . , A, in K[F] such that n;=, Ai =0 and 
(1) for every given i the quotient ring K[F] /Ai = K[ F,] is isomorphic to a 
subring of a matrix ring D,z,.,r, where 
gnisn, (5.6) 
(2) K[F;] is isomorphic to a suitable cross product 
K[FJ = K[V,] * (F,lV.) : (5.7) 
where V, is a center-by-finite normal subgroup of F,. 
Lemma 5.9. Assume that K[G] contains semiprime ideals B,, B,, . . . , B, (k 2 2) 
such that f-IF=, B, = 0, every quotient ring K[G] IB, = K[ G,] is isomorphic to a 
subring of Dm,xm,, and has property (*) in this subring, and 
$mjSn. (5.8) 
]=I 
Then K[G] has property (*) and in fact (G : F) 5 f(n - 1) = ((n - l)!)““~“!‘“~‘. 
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Proof. Let for a given j, Fj U G, be a normal subgroup of finite index hj and A, 
(i = 1,2,. . . ) rj) be a system of semiprime ideals in K[F,] such that n ?z1 A,, = 0, 
every quotient ring K[ F,] /A Lj 2: K[ Fij] (i = 1,2, . . . , r,) is isomorphic to a suitable 
cross product 
K[Fij] = K[V,,] * (Fijlyj) , (5.9) 
where V, is a center-by-finite normal subgroup of F,,, and K[Fjj] is isomorphic to 
a subring of a matrix ring DmL,.,,, and we have 
i mij 5 mj (5.10) 
The relation n := 1 B, = 0 yields a natural imbedding of K[ G] into the direct sum 
C:=r K[Gjl d an simultaneously the group G is imbedded into the group G, x 
G,x...x G,, which is isomorphic to a subgroup of the group of units of 
cr=, K[G,]. The group G, x G, x . . . x G, contains a normal subgroup fi = 
F, x F2 x . . . x Fk of finite index h,h, . . . h,. Since k 2 2 we have 15 mj 5 II - 1 
(j=1,2,... ,k). We have two cases: either m, = m2 =..*= mk = 1 or m, + 
m,+..*+m,_,Sn-22; 25 mk 5 n - 1 (we can assume that mk is the greatest 
from the numbers m,, m2,. . . , mk). We obtain now 
h,h, . . * 4 ~fh)fh) *. . fh) 
5 (m, !)K-1w(, ,)K-‘Y1”~’ . . 
2’ 
. (mk!)K~lNn-’ 
( (m,!m,! . . . mk!)l(n-‘)!l”m’ 5 [(n - l)!][‘“m”!l”-l 
Furthermore, for every given j the natural projection 4 : C:_, K[ G,] -+ K[ G,] 
maps K[F] on K[F,]. Since n 1-r B, = 0 and for every given j, n ?=I A, = 0, we 
conclude that K[F] is a subdirect sum of the rings K[F,,]. Let F = G f~ F. Clearly 
F is a normal subgroup whose index in G does not exceed h,h, . . . h,. Hence 
(G : F) sf(n - 1). But for a given j, $j(F) C F, C G, and hence 4,(F) is a normal 
subgroup of finite index in Fj. This implies that the image of F in arbitrary group 
F, is a normal subgroup H, of finite index. Hence K[H,] is semiprime. Further- 
more, since K[H,] c K[Fij] we obtain that K[H,] is isomorphic to a subring of a 
matrix ring Dmz, x m,, and relation (5.10) follows. We obtain also by a routine 
argument from relation (5.9) that K[H,,] is isomorphic to a suitable cross product 
K[H,] = K[ U,] * (If,/ U,) ) (5.9’) 
where U,j = I$ n I?,. Thus, K[ F] is a subdirect sum of semiprime cross products 
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of type (5.9’). Finally, (5.10) and (5.6) imply that ~i,jmij~n and the proof is 
completed. El 
Lemma 5.10. Let G be a subgroup of GL,(D) such that K[G] is semiprime, G,, be 
a normal subgroup of G such that (G : G,,) - < n!. Assume that G, contains a 
normal subgroup F such that (G, : F) 5 f(n - 1) and there exists ideals 
A,, A,, . . . , A, ofK[Fl such that n ;=I A, = 0 and the conditions (1) and (2) of 
Definition 5.8 hold. Then K[G] has property (*). 
Proof. By the Poincare Theorem there exists a normal subgroup N of G, which is 
contained in F and (G,, : F) 5 (f(n - 1))“‘. We have now 
(G : N) = (G : G,)(G,, : A’) 5 (n!)(f(n - l))“! 
5 (n!)[(n _ ~)!]K-wl”-‘w . (5.11) 
But if n 2 2 then (n - l)! I (n)“-* and hence [(n - l)!]“-’ 5 [(n - 1)!]“P2n”~2 = 
(n!)‘*-*. This implies that [(n - l)!]“P’(n!)5(n!)“P’ (n 2 1) and (5.11) now 
implies 
(G : N) I (n!)[(n - l).] , (n’)“-’ 5 (n!)‘“!“z =f(n) (5.12) 
Now let Ai = Aj fl K[N] (i = 1,2,. . . , r). Clearly, f-l:=, Ai = 0 and for every 
given i K[N] iA: 2: K[N,] . IS isomorphic to the image of K[N] under the homo- 
morphism K[F] /A, = K[F;]. This implies that condition (1) of Definition 5.8 is 
satisfied. We obtain also that N, is a normal subgroup of finite index in F,; hence, 
K[N,] is semiprime. Furthermore, once again as in Lemma 5.9, we obtain from 
(5.7) that K[N,] IS isomorphic to an appropriate cross product 
K[N,] = K[ U,] * (N;/Ui) , 
where U, = N, n V, and we see that condition (2) is satisfied also. The proof is 
complete. 0 
We prove now that if D is a field which satisfies conditions (I) and (II) then 
soluble-by-finite subgroups of GL,(D) have property (*). 
Theorem 5.11. Let D be a field, G be a soluble-by-finite subgroup of GL,(D) 
such that K[G] is semiprime. Assume also that every FC-normal subgroup W 4 G 
is center-by-finite. Then there exists a normal subgroup F 4 G of finite index 
(G: F)sf(n)=(n!)(“!)” and semiprime ideals A,,A,,...,Ak (ksn) such that 
n f;= , A, = 0 and for every given i the quotient ring K[ F] IA, = K[ F,] is a suitable 
cross product 
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K[F,] = K[vJ * (F;/K) ) (5.13) 
where Vi is a center-by-finite normal subgrofp of Fi; furthermore, K[F,] is 
isomorphic to a subalgebra of D,,.,,,, where c,=, n, 5 n. 
Proof. Apply Proposition 5.7 and obtain a normal hyper-A subgroup W with 
D&W) c W; let V= A(W). Clearly, K[V] . IS semiprime; the group V is center-by- 
finite by Theorem 5.6. 
We consider first the special case when K[V] is prime. Let A be an ideal of KG 
such that (KG)/A 2: K[G]; we can assume that A is faithful. We will prove that 
the ideal B = A fl KV is annihilator free; this will imply by the corollary to 
Proposition 5.7 that A = B(KG), which is equivalent to the relation 
K[G] = K[V] *(G/V). 
Assume thus that there exists an infinite subgroup U c V and an element 
(Y E K[V] such that 
a(u-1)-O (UEU). (5.14) 
Since the center Z of V has a finite index by Theorem 5.6 we obtain an infinite 
subgroup Z, = U n Z such that 
a(z-l)=O (ZEZ,) (5.15) 
Since K[V] is prime, its center contains no zero divisors. This, together with 
(5.15) implies that (Y = 0, i.e. A is annihilator free and the assertion is proven in 
the case when K[V] is prime. 
We observe also that the assertion is now proven in the important special case 
n = 1; indeed, in this case G is a subgroup of the multiplicative group D* and 
hence K[G] contains no zero divisors. 
Now consider the general case when K[V] is not necessarily prime. Let S be the 
ring of fractions of K[V]. Then by Proposition 4.2, S is isomorphically imbedded 
into a matrix ring D, xm (m I n). We have also 
s = s, + s, + . . .+S, (l<rlmin), (5.16) 
where S, ( j = 1,2, . . . , r) is a simple artinian ring. The conjugation by the 
elements of G induces a group of automorphisms in K[ G], and hence in K[V] and 
in S. A routine argument implies that there exists a normal subgroup G, 4 G, 
whose index divides r! and 
g-‘Sjg=Sj (LEG,, j=l,2 ,..., r). (5.17) 
Clearly, G, > V. Let R, be the ring of fractions of K[G,]. Then R, 2 S and R, is 
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isomorphic to a subring of a matrix ring D,,, (t i n). We see also that the central 
idempotents, defined by the decomposition (5.16), will be central in I?,. Hence, 
we obtain a decomposition of R, into a direct sum of semisimple artinian rings 
R, = R,,e, + R,e, + . . * + Roe, . (5.18) 
Let for a given j, 4, be the projection Ro+ Roe, and let +,(G,) = G,. We obtain 
for every j = 1,2, . . , , Y a homomorphism 
K[GJ+ +,CWGJ) = NG,l C Roej .
It is easy to see that the homomorphism K[G,,] + K[G,] is non-zero and its kernel 
is a semiprime ideal Aj and n I-, A, = 0. Furthermore, (5.18) together with the 
isomorphic imbedding R, C D,,, implies that for every j = 1,2, . 1 . , r there exists 
an isomorphic imbedding Roei c D,,,,,, where 
i t,,,Ptsn. (5.19) 
/=1 
Since in (5.16) and (5.19) Y > 1 and Roej are non-zero we obtain that t, < n 
(j=l,2,..., r). We have already observed that the theorem is proven for the 
case rt = 1; we apply now induction on n and assume that the assertion is proven 
for all the subgroups G, c GL,, y,(D). L emma 5.9 now implies immediately 
that G, contains a normal subgio!olip F such that (G, : F) ~f(n - 1) and K[F] 
satisfies conditions of (1) and (2) of Definition 5.8. The assertion now follows 
from Lemma 5.10. q 
6. The Krull dimension of the ring (Rop@R) 
6.1. 
Let R be an arbitrary ring. RoP denotes, as usual, the opposite ring of R. We 
will study in this section the Krull dimension of the ring ROP@ R. We refer the 
reader to the book [23, Chapter 61, for the definition and main properties of the 
Krull dimension. Recall that the ring R”P 63 R has an augmentation ideal 
aug(R”P QD R), this is the right ideal which consists of the elements c xi @ yi with 
c x,yi = 0. In order to apply some ideas from Stafford’s article [37] and Resco’s 
article [31] in the proof of Theorem 6.5, we recall first (see [31]) that a sequence 
of elements u,, u2, . . . , CL,, of a ring S is an r-sequence if the following properties 
hold: 
(1) U,S + MJ + *. . + u,s f s, 
(2) c&&(“,S + u,s +. . ~+~u,_,s)~(u,s+u,s+~~~+u,_,s), 
(3) u1 is right regular, 
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(4) if k 2 1 and uku E (uiS + u,S +. . . + uk_,S) then u E (uiS + u,S +. . * + 
h-,9. 
Theorem 6.1. Assume that the ring Do’ @D is right Noetherian and let V be a 
subgroup of GL,(D), U be its normal subgroup such that K[V] is semiprime, 
K[ U] is a Goldie ring and K[V] = K[ U] * V/U. Assume also that the group 
W= VIU has a series of type (4.12) with all the factors abelian or locally finite. 
Then the group W is polycyclic-by-finite. 
Proof. Proposition 4.7 implies that K[V] is Goldie ring. Assume that W is not 
polycyclic-by-finite. If R is the ring of fractions of K[V], then once again by 
Proposition 4.8 one of its direct summands contains an infinite increasing chain of 
subfields. Thus, as in (4.8), 
and we can assume that there exists in (Al)n,xn, an infinite sequence of subfields 
T, c T2c.... 
Let e, be the unit element of (AI),,x,,. Then (A,)n,xn, is isomorphic to a 
subring with unit of the matrix ring e,(D,l,,l)e, -‘I D,,, (m I n) and we obtain 
therefore an infinite chain of subfields in D, xm. The ring (D, xm)oQ C3 D, xm now 
contains an infinite chain of subrings 
T~P@T,~T;QC3T2~... (6.2) 
and since (Dmxm)OP C3 D,,,,, is a free right module over every subring TPP @ T, 
(i = 1,2,. . .) we obtain from (6.2) an infinite increasing chain of right ideals 
(aug(TPP @ T,))R (i = 1,2,. . .). This contradicts the fact that (D, xm)“Q 63 D,,, 
is right Noetherian. The proof is completed. 0 
Theorem 6.2. Let D be a field which satisfies properties (I) and (II) and in 
addition the ring Do’ @D is right Noetherian. Let G be a soluble-by-finite 
subgroup of GL,(D) such that the linear envelope K[G] is semiprime. Then G is 
abelian-by-polycyclic-by-finite. 
Proof. Corollary 4.5 yields that K[G] is a Goldie ring. Apply Theorem 5.11. Let 
F be the normal subgroup of finite index in G and Aj (i = 1,2,. . , k) be 
semiprime ideals of K[F] obtained in this theorem. Since every ring K[ F] /A, is 
isomorphically imbedded into a ring Dk,xk (ki 5 n) we obtain that every homo- 
morphism K[ F] -+ K[F] /A, maps the group F on a soluble-by-finite subgroup F, 
of GLkz(D). Theorems 5.11 and 6.1 imply that the group Fi is abelian-by-finite-by- 
polycyclic-by-finite and hence is abelian-by-polycyclic-by-finite. Since F is a 
subdirect product of the groups F, the assertion follows easily. El 
276 A.I. Lichtman 
Lemma 6.3. Let K[G] be a ring, generated by a group G over a commutative field 
K, R be the ring of fractions of K[G]. Then the right ideals aug(K[G]” @ K[G]) 
and aug(R”P 8 R) are generated, in the rings K[ G]“P @ K[ G] and RoP @ R corre- 
spondingly, by the set of elements go’ 8 g - 1 (g E G). 
Proof. We observe first that 
aug(R”P@ R) n (K[G]“P@ K[G]) = aug(K[G]“P@ K[G]) . 
Furthermore, we have for every g, f E G 
g@f = (f @f ?(g@f) - (f @f -l - l)(g@f) 
-(gf@l) (modM), (6.3) 
where A4 is the right ideal of KIGloP C3 K[G], generated by all the elements 
g@g-’ -1 (gEG). Ifn Ow x=Ci,jaij(gi@.fi) is an element of K[ GloP @ K[ G] 
then, via (6.3), x- Ci,j (qjg,f,)@l (mod M). On the other hand, xE 
aug(KIGloP @ K[G]) iff c i,j qig,f, = 0 which implies easily that A4 = 
aug(KIGloP @ K[G]) and the first statement is proven. 
If now y E aug(RoP@ R) then y(d, Odd,) E (KIGloP@ K[G]) for a suitable 
element (d, @d,)~ K[G]“P@ K[G]. Hence, y(d, C3 d2) E aug(RoP @ R) f’ 
(KIGloP @3 [K[G]) = aug(KIGloP @ K[G]) = A4 and YE M(d,’ @dil), where 
d 1’ @ d,’ E RoP C3 R and the assertion follows. 0 
6.2. 
Throughout this section let G be a poly-Z-group with Hirsh number h, 
be a series of subgroups of G with infinite cyclic factors Gi+ i/G,, S be a prime 
artinian ring, S * G be a suitable cross product of S with G. It is known that every 
ring S * Gi (i = 0, 1, . . , h) is prime Noetherian and we denote by Rj its Goldie 
ring of fractions and by R = R, be the ring of fractions of S * G. Thus, R, = 
CDi)n,xn, 
where D, is a field (i = 0, 1, . . . , h). It is important that R is a free left 
module over every Rj (i=O, 1,. . . , h - 1) (see [9, Theorem VI.6.11). Hence, 
RoP C3 R is a free left module over (Rpp 0 Ri). Now let i be given and let ej ( j E J) 
be a left basis of RoP @ R over (RFfI C% Ri+,). 
Lemma 6.4. For every given i 
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and 
(aug(RYP @ Ri))(RoP @I R) = C (aug(RYP @ R,))(RF:, @ Ri+,)ej . 
jc5.l 
Proof. The first statement follows immediately from the fact that 
aug(Ry,P, @JR,+,) is a right ideal in RF:, @I R, + , To obtain the second relation we 
observe that 
(aug(RyP 8 Ri))(RoP 63 R) = (aug(RPP 8 R;))(RF,P, 69 Ri+,)(RoP 8 R) 
and the assertion follows from the fact that (aug(Rp” @ R;))(Ry,P, @ R;,,) is a 
right ideal in RF!, @I R,+, . The proof is completed. 0 
Now take an arbitrary 0 5 i 5 h. Let Tj = (aug(RPP @ R,))(RoP @ R). It is not 
difficult to prove that if F > K is a commutative subfield of D,, and S, (n = 
O,l,... , k) are algebraically independent elements of F over K, then the 
elements u, = s,’ @s, - 1 (n = 0, 1,2,. . , k) form an r-sequence in Fop @I F = 
F @ F and hence in RoP C9 R because R is a free left F-module. Theorem 2.6 in 
Resco’s article [31] implies that 
Kdim(R”p@R)~Kdim(R”p@R)l( i u,,(Rop@R)) + k 
n=O 
z- Kdim((RoP 8 R)IT,,) + k . (6.4) 
Theorem 6.5. Let F > K be a commutative subfield of S, s, (n = 0, 1, . . . , k) be 
algebraically independent elements of F. Then for every i = 0, 1, . . . , h, 
Kdim(RoP 8 R) 2 Kdim((RoP @ R) lTi) + k + i . 
Proof. The relation (6.4) gives a proof for the case i = 0. We apply now induction 
by i. Let g be the generator of the infinite cyclic group G,+i/G,. Consider the 
element u = (g-l C3g-l)E(RoP@R). S’ mce the right ideal T; is invariant with 
respect to the conjugation by g-’ @g we conclude immediately’that uTi C Ti and 
hence the map 
Rap @ R 4 u(R”~ @ R) 
induces an endomorphism 6 of the right (RoP C3 R) module Mi(RoP 63 R) IT,. We 
will prove that 4 is a proper monomorphism. This will imply (see [26]) that 
Kdim Mi 2 Kdim(M,l$(M,) + 1. But the inverse image of $(Mi) in the module 
RoP @ R is the submodule u(R”~ &I R) + T, C Ti+, . Hence the module (R”P @J R) / 
T,,, is a homomorphic image of M,14(Mi) and 
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Kdim((RoP@R)lTi) z-K~~~((R”~C~IR)IT,+,) + 1, 
which implies, via the induction hypotheses, that 
Kdim(RoP @ R) 2 Kdim((RoP C3 R) ITi+,) + k + i + 1 . 
We are proving now the claim that 4 is a proper monomorphism. Since 
u(RoP C3 R) + T, C T;+, # (Rap @ R) we see that $(Mi) # M. Furthermore, let 
x E (RoP (8 R) be an element such that 
ux = y E Ti . (6.5) 
We will prove that x E T,. Since ej (j E J) is a basis of (RoP @R) over 
(RyfP, @Ri+,) we have 
x=,tXjej (X~E(R~~,P@R~+~), j-l,2 ,..., m). 
By Lemma 6.4, 
y= 2 yje, (y,E(aug(RPP@Ri))(R~~,@Rj+,), j-1,2,.. 
]=I 
Thus, we obtain from (6.5) and (6.6), 
Llxj = y1 (j=1,2 ,..., m), 
and it is enough to prove that (6.8) implies that 
xjE(aug(RPP@Ri))(R~,“,@Ri+,) (j=1,2,...), 
i.e. we can assume that in (6.5) 
x E (R::, @R;+r), Y E (aug(R? @RR,))(RP,P, @RR,+,). 
We can assume that i=h-1, R,+l = R and 
. > 
(6.6) 
m> . 
(6.7) 
(6.8) 
T, = 
aug(Ri!, @ Rh_l)(Rop@ R), furthermore, R is the ring of fractions of R,-, *H, 
where H is the infinite cyclic group G/G,_,. Multiplying the relations (6.5) on the 
right by a suitable element from (R,_, * H)“P C3 (R,_, * H) we can assume via 
Lemma 6.1 that it holds in the subring (R,_, * H)OP C3 (R,-, * H) with 
y E (aug(R,“!, * R, _ 1 ))((Rh_l *ff)“P@(Rh-, *ff)). 
Let U be the subring of (R,_, * H)OP 63 (R,_, * H), generated by (R;I’P, @ RAP,) 
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and the elements (g-‘@g)“. We obtain easily that (R,_, *H)“P@(Rh_l *H) 
is a free left module over U with basis 1, g’l, g+*, . . . . Let V= 
(aug(RiP, @RRhml))U. 0 nce again, as above, we obtain that in fact, x E U, y E V, 
and that the right ideal, generated by V in (R,_, * H)“p @(R,_, * H) is a free 
module over the ring V= (aug(RlP, @ RII_l))U with basis 1, gzl, g+*, . . . 
Let 
x=-&x,(g-‘@g)y> Y=CPy(g-‘wyl 
Y Y 
where (Y? E (Ri?, C3 R,_,) and p, E aug(REP, 8 R,_,). We have 
where X = ( gP ’ @3 g)x( g ~’ @ g))‘. The largest power of g- ’ @ g in the left side of 
ux is thus &,( g-’ @g)‘+l, where Y is the largest power of g-’ @g in x and 
cr,= (g-‘@g)a,(g-‘@g))‘. 
On the other hand, the relation y E V implies via the relation ux = y that 
‘Y, E aug(R,_, @3 R,_,) and hence (Y, E aug(R,_, @3 R,-,). A straightforward ver- 
ification shows that now that the element x, = x - qgr has the property UX, E V 
and the assertion follows by a routine argument on the length of X. 0 
Corollary 6.6. Kdim(RoP @I R) 2 h(G). 
Proof. Apply Theorem 6.5 for the case i = h. 0 
We recall now that R is a matrix ring, say R = A,,,, where A is a field. 
Corollary 6.6 now implies, via well-known properties of the Krull dimension, the 
following fact. 
Corollary 6.7. Kdim(AoP 8 A) 2 h(G). q 
6.3. 
Theorem 6.8. Let S be a Goldie ring, G be a polycyclic-by-finite group, S * G be a 
semiprime cross product, R be the Goldie ring of fractions of S * G. Then 
Kdim(RaP @ R) 2 h(G). 
Proof. We can replace S by its ring of fractions and assume thus that it is 
semisimple artinian. Let S = S, + S, + . . . + S,, where Si (i = 1,2, . . , m) are 
simple artinian. It is easy to show that we can find a polyinfinite cyclic normal 
subgroup G, of finite index in G such that g-‘(S,)g = Si (g E G,). Let R,, be the 
ring of fractions of S * G,. Since G,, has a finite index in G we obtain easily that R 
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is isomorphic to a suitable cross product R, * (G/G,) and it follows from [23], that 
it is enough to show that Kdim(RiP @ R,) 2 h(G). But R, is the Goldie ring of 
fractions of the ring 
where every ring S, * G,, is prime Noetherian. Thus 
R,=i R,, 
r=l 
(6.9) 
(6.10) 
where R, is the ring of fractions of S, * G,, . hence R, is a matrix ring over a field. 
We conclude now from [23, 6.2.41 that 
Kdim(RiP @ R,,) - >maxKdim(R~“@Ri) (i=l,&...,m) 
and the assertion follows from Theorem 6.5. q 
Corollary. Let D be a jield such that 
(6.11) 
S and G be as in Theorem 6.8. Assume that for some n the semiprime cross product 
S * G is isomorphically imbedded into the matrix ring D, )(“. Then h(G) 5 h. 
Proof. Pick an arbitrary Ri in (6.10). Then Ri is isomorphic to a subring with unit 
of a matrix ring D, xm, where m 5 n. Since R, is a matrix ring we obtain from [9], 
that D,,, is a free left module over Ri. Hence (see [23]), 
Kdim(DoP @ D) = Kdim((D,., )Op @ (DmX,)) 2 Kdim(RPP @ Ri) 
and the assertion follows now from Theorem 6.8. 0 
Let H be a polyinfinite cyclic group, D be the field of fractions of KH. It is 
known (see [23, 5.51) that the Krull dimension of KH is less than or equal to h 
and also Kdim(D @ KH) 5 h. Since Dop @ D is a localization of D 8 KH it 
follows that relation (6.11) holds for the fields of fractions of polycyclic group 
rings. A similar argument, based on [23, 5.41, shows that (6.11) holds for the case 
when D is the field of fractions of U(L), where U(L) is the universal enveloping 
algebra of a finite-dimensional Lie algebra over a field K, dim(L : K) = h. In fact, 
Stafford proved in [37] that in this case Kdim(DoP @ D) = h (provided that the 
Lie algebra L is soluble). 
6.4. 
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We recall (see Section 5) that if D is the field of fractions of KH, H is a 
polyplinthic group, or the field of fractions of U(L), L is a finite-dimensional Lie 
algebra over a field K of characteristic zero, and W S GL,(D) is an FC-subgroup 
such that K[W] is semiprime, then W is center-by-finite. We apply now Theorem 
5.11 together with the corollary to Theorem 6.8 and immediately obtain statement 
(1) of the following theorem; the proof of statement (2) will be given after 
Lemma 6.10. 
Theorem V. Let D be a field which satisfies condition (6.11) and assume also that 
every FC-subgroup W c GL,(D) which contains no unipotent normal subgroups is 
center-by-finite. Let G be a soluble-by-finite subgroup of GL,(D) such that K[G] 
is semiprime. Then: 
(1) There exists a normal subgroup F 4 G offinite index, bounded by an integer 
valued function f(n) = (n!)‘“!‘” and semiprime ideals A,, A,, . . . , A, (k 5 n) of 
K[F] such that n r=, Ai = 0 and every quotient ring K[F] /A, = K[ Fi] is iso- 
morphic to a suitable cross product, 
K[F,] = K[VJ * (FJV) , (6.12) 
where V, is a center-by-finite normal subgroup of Fi, the quotient group FilVi is 
polycyclic-by-finite with Hirsch number h(F,/V,) 5 h; furthermore, K[F,] is iso- 
morphic to a subalgebra of D,,X,,L where CF=, n, 5 n. Clearly, F is isomorphic to a 
subgroup of the direct product FI x F2 x . . . x Fk. 
(2) Every subgroup F, has a series of normal subgroups 
where Ni has a finite index bounded by an integer valued function $(h), the 
quotient group N,IW, is polyinfinite cyclic with Hirsch number (h(N,]W,)) < h and 
the group W, is abelian-by-finite. 
Lemma 6.9. Let F be a group which contains a finite subgroup W of order s such 
that the quotient group FIW is free abelian of rank k. Then there exists a 
characteristic free abelian subgroup U c F such that the index (F : U) is bounded 
by an integer valued function of k and s and U n W = 1. 
Proof. We observe first of all that every conjugacy class in V has less than or 
equal to s elements; furthermore, F can be generated by k + s elements and we 
conclude by the Poincare Theorem that the index of the center 2 of F is bounded 
by a function +(k, s). On the other hand, Z = Z, x Z, where Z, is a torsion free 
group of rank k and IZ,I i s. We now take U = Z” = Z: and obtain that the index 
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(F : U) is bounded by the function s - sk+(k, s) = sk+‘&k, s). This completes the 
proof. 0 
Lemma 6.10. Let F be a polycyclic-by-finite group with Hirsch number h(F) = h. 
Then F contains a characteristic subgroup N whose index (F : N) is bounded by an 
integer valued function +!t(h), such that all its elements of finite order form a finite 
subgroup N,, and the quotient group N/N, is polyinfinite cyclic. 
Proof. We observe first that it is enough to find a normal, not necessarily 
characteristic, subgroup N which satisfies all the conclusions of the assertion. 
Indeed, if N is such a subgroup, and @ is the group of automorphisms of F, then 
the subgroup 
N; = f-’ 4(N) 
4EQS 
(6.13) 
is a characteristic subgroup. By Hall’s theorem (see [12, Section 381) the number 
of subgroups of a given index n in a group with m generators is bounded by a 
number o(m, n). Hence, (6.13) implies that 
(F : N,) 5 ($(h))*‘“‘“’ = $,(h) , 
where n = G(h) and m 5 h. Clearly, N, f? N,, is the torsion group of N, and 
N,I(N, fl N,) is polyinfinite cyclic since N/N, is. 
Let F,, be a normal subgroup in F of finite index in F, such that FA is torsion 
free nilpotent. Consider first the special case when F(, = 1, i.e. F,, is free abelian. 
The conjugation in F defines in F(, a structure of ZG-module and hence we obtain 
a representation p of G by unimodular matrices of degree h. It is well known that 
there exists a bound $(h) for the orders of finite subgroups of SL,(Z) and hence, 
the image p(G) of G is a finite subgroup G of order less than or equal to $(h). 
This implies that the index of the centralizer U > F, of F, in F is less than or equal 
to 4(h). On the other hand, U is a finite extension of its central subgroup F,,; 
hence U’ is a finite group and the theorem is proven for the special case when F, 
is abelian. 
Now in the general case let F = FIFA. Thus F is abelian-by-finite and we see 
that there exists a normal subgroup F, C F such that (F : F,) % &(h,), where 
h, = h(F) 5 h - 1, and F,’ is finite. Hence F, is an extension of a finite group 
F, C Fi by a free abelian group F,IF,. Let F, > Fi be the inverse image of F, in 
F. Then F,IF; = F,IFi is finite and the quotient group FI/F2 is free abelian. Since 
h(F,) = h(FI) < h(F,), we can apply induction by the Hirsch number and assume 
that F2 contains a normal subgroup W such that (F2 : W) 5 &(h - l), the 
elements of finite order in W form a subgroup W, and W/W, is polyinfinite cyclic. 
We thus have 
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F>F,>F,>WzW, 
with (F: F,)c I/+(/Z - l), F,IF, free abelian, (F, : W)l $,(h - 1) and W/W,, 
polyinfinite cyclic. Lemma 6.9 now implies that there exists a characteristic 
subgroup 
F,>N>W 
such that (Fl : N) is bounded by an integer valued function I&(/Z - 1) and the 
quotient group N/W is free abelian. Hence, all the elements of finite order in N 
belong to W and form a subgroup N, C W,,. We obtain that (F : N) = 
(F : F,)(F, : N) 5 $,(h - l)&(h - 1) = 4(h). S’ mce W/W, is polyinfinite cyclic 
and Nl W is free abelian we obtain that Nl W, is polyinfinite cyclic. Since N is a 
characteristic is F, we obtain that N U F and the assertion follows. q 
Proof of Theorem V (completion). Proof of Statement (2). Apply Lemma 6.10 to 
the polycyclic-by-finite group F,IV, and obtain a normal subgroup N,lV, C FL/V, 
such that (Fi : Ni) 9 e(h) and the quotient group of N;.IV, by its torsion part W,IN, 
is polyinfinite cyclic. Since WI/N, is finite and Ni is center-by-finite we conclude 
that W, is abelian-by-finite. This completes the proof. 0 
Corollary. Assume that the conditions of Theorem V are satisfied. Then F contains 
a series of normal subgroups 
F>N>W, 
where (F : N) 5 ($(h))“, the quotient group N/W is polyinjinite cyclic, h(NIW) 5 
nh, and its solubility class does not exceed h; the group W is abelian-by-jinite. 
Proof. Take U= Fn(nr=, Ni), W= Fn(n;=, Wi) and the assertion 
follows. 0 
It is not difficult to verify that in fact the solubility class of N/W does not 
exceed h - 1. 
6.5. 
Now let D be a field which satisfies condition (6.11) and conditions (I) and (II) 
of Section 5, G be a soluble-by-finite subgroup of GL,(D) such that K[ G] is 
semiprime. Let W be the abelian-by-finite subgroup of F in series (6.14), U be an 
abelian normal subgroup of W, V be the centralizer of U in W. Thus, V is a 
center-by-finite group and hence its commutator subgroup V’ is locally finite by 
Schur’s Theorem. The corollary to Theorem V together with Proposition 5.1 and 
the results of [20] now imply the following theorem. 
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Theorem VI. Assume that D is a field which satisfies condition (6.11) and 
conditions (I) and (II) of Section 5, G be a soluble-by-finite subgroup of GL,(D) 
such that K[G] is semiprime. Then there exists a series of subgroups 
GDFDNDWDV (6.15) 
such that (G : F) 9 f(n) = (n!)‘“!‘“; (F : N) zs ($(h))“, the quotient group N/W is 
soluble of class less than or equal to h, the group W is abelian-by-finite and has a 
faithful representation of degree less than or equal to 4hn over a commutative field 
R> K, K[W] t’fi sa ts es 
[(4hn)!]“+1, 
a polynomial identity of degree 4hn, (W : V) is a divisor of 
V is a center-by-finite group, the commutator subgroup V’ is locally 
finite and there exists c E GL,(D) such that 
c+V;c c GL,(K) . 0 (6.16) 
Corollary 6.11. Let D be as in Theorem VI, G be the soluble subgroup of 
GL,(D). Then its solubility class does not exceed the number 
f(n) + ($(h))” + h + (22h+1 + 1)n + 1 . (6.17) 
Proof. Assume first G contains no unipotent normal subgroups. Then (6.15) and 
(6.16) imply that the solubility class of W does not exceed 2(4hn) (we use here 
Huppert’s bound) and we obtain from the series (6.15) that in this case the 
solubility class of G does not exceed 
f(n) + ($(h))” + h + 22ht’n + 1 . (6.18) 
Now consider the general case. Let u(G) be the unipotent subgroup of G. Then 
the quotient group G = G/u(G) is isomorphic to a subgroup of GL,(D) by 
Proposition 4.1 and hence the solubility class of G does not exceed (6.18); since 
u(G) is nilpotent of class less than or equal to n we obtain the bound (6.17). 0 
Corollary 6.12. Let char K = 0, D be the field of fractions of KH where H is a 
polyplinthic group and G be a subgroup of GL,(D) such that every finitely 
generated subgroup of it is soluble-by-finite. Then G is soluble-by-finite. 
Proof. Let G(‘) be an arbitrary finitely generated subgroup of G. Theorem VI 
implies that G(‘) contains the following chain of normal subgroups 
G, D F, D N, D W; D v, (6.19) 
with (G, : Fi) 5 f(n), (F, : N,) 4 4(h), Nil W, is soluble of class less than or equal 
to h, (W, : V)l[(4hn)!]“+1 and V: is isomorphic to a locally finite subgroup of 
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GL,(K). By the Jordan-Schur Theorem (see [28, 12.1.11]), Vi’ contains an 
abelian normal subgroup of index bounded by an integer valued function p(n). 
We can apply now one of the versions of the inverse limit arguments (see [lo, 
l.K.21) and obtain that G itself has a series of type (6.19). All the factors in this 
series are either soluble or finite groups and a standard group-theoretical argu- 
ment shows that G must be soluble-by-finite. Cl 
Remark. The assertion is true also for subgroups of GL,(R), where R is the ring 
of fractions of a group ring KH, where char K = 0 and H is an arbitrary 
polycyclic-by-finite group. 
7. Concluding remarks 
The problems which are considered in this paper are related to the study of 
groups of automorphisms of different classes of soluble groups. By making use of 
the results of this paper and of article [18] we obtained results on the group of 
automorphisms of free soluble groups and of some classes of Lie algebras; we 
obtained also versions of our main theorems for matrix rings over fields of 
fractions of rings of type (KH) /A, where H is a polycyclic-by-finite group and A 
is a semiprime ideal of KH. We applied also the methods and results of Sections 5 
and 6 to obtain a refinement of the results in [16] on soluble-by-finite subgroups of 
GL,(D), where D is the field of fractions of U(L), L is a finite-dimensional Lie 
algebra. The second paper of the series will include these results; here we 
formulate only one of them. 
Let G be a finitely generated free soluble group, U be a subgroup of the 
automorphism group 4(G) of G. Then G either contains a noncyclic free subgroup 
or is soluble-by-finite. There is a bound for the derived series of soluble subgroups 
of Q(G); this bound depends on the number of generators and on the solubility 
class of G. 
We obtained a similar result for groups of automorphisms of groups of the type 
F/V(R), where F is a free group R 4 F and V(R) is a verbal subgroup of R such 
that the quotient group R/V(R) is nilpotent. 
Finally, Theorem 3.12 of this paper will be applied to give a new proof of 
Theorem 3 in [19] on existence of a trace function in D,,,, where D is a field of 
fractions on a polycyclic group ring KH, char K = 0. 
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